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Bernstein polynomials

n

B(t) = <i>(1 — )"

Legendre polynomials

[n/2] n

Lo(t) = 1,

Li(t) = V3(2t—1),

Ly(t) = /5(6t% —6t+1),

Ls(t) = 7(206% — 302 4 12t — 1).
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Polynomials of degree n and Basis Transformations

Consider a polynomial P, (t) of degree n, expressed in the degree n Bernstein and

Legendre bases on t € [0, 1]:

ZCJBH ZlkLk

We are interested in the linear transformation
mn
=Y Mu(j,k)ly, §=0,...,n,

that maps the Legendre coefficients [y, 4, ...,[, into the Bernstein coefficients

co,C1,.-..,Cpn, and its inverse.
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THEOREM 1 The Legendre polynomial Ly (t) can be expressed in the Bernstein
basis B (t), BT (t),..., Bl (t) of degree n as

Li(t) = V2k+ 1) (-1)F* (.)Bi (t)

(4

k\ (m—k

k n—k+i
ZMZH)“'&(@) > —(i)%_i)By(t)

by Farouki, R.T.(2000), Legendre-Bernstein basis transformations, J. Comput.
Appl. Math., 119, 145-160.
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THEOREM 2 The elements of the inverse M1 are given for 0 < j,k < n by

MG = () )Z b))

nt AR 2 ()

V25 +1 2‘7: i+ E+i\(n—k+j—1
_n+]+1 g z' k n—k '

1=

by Farouki, R.T.(2000), Legendre-Bernstein basis transformations, J. Comput.
Appl. Math., 119, 145-160.
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Lo-norm of the P, with Bernstein bases

2 & i
|Pla? = / S eBr(t)| di
0 |i=o0
1
= e / BI () BY (t)dt
ij 0

(1) ()
_ ﬁ Zcicjw

i,j i+j
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Lo-norm of the polynomial P, is

HPnH22 — CthC

where the elements of the Gram matrix (),, of Bernstein basis are given by

1 (6) i,j=0,1,....n

Sl (I

Qn(i,])

(), is real symmetric matrix, so it can be diagonalized by a unitary matrix U,, (i.e.,

U~! =U!) whose column vectors are orthonormal eigenvectors of Q,,, that is,

where D,, is the diagonal matrix with positive eigenvalues of the matrix @Q,,.
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THEOREM 3
QnMn — MnDn

N
=

where \;, = == G
k= 2n41 2m)

n

) (k=0,1,...,n) are eigenvalues of the Gram matriz Q.

- ?

by Lyche, T. and Scherer, K.(2000), On the p-norm condition number of the multivariate
triangular Bernstein basis, J. Comput. Appl. Math., 119, 259-273.
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L5 norm of the P, with Legendre bases

2

1] n
HPnH22 = / ZliLi<t) dt
0 li=0
1
- S, / Li(t)L; (#)dt
ij 0
— Zlf

= 1"l

Byung-Gook Lee, Dongseo Univ. http://kowon.dongseo.ac.kr/~lbg/

10




Fifth International Conference on Curves and Surfaces, Saint-Malo, France, June 27 - July 3, 2002

THEOREM 4

proof.

THEOREM D

proof.

M t=D,M!.

Que=11=c (MM e

n

Qn = (Mn_l)tMn_l — MnDnMn_l

U, = M,D,,.

—1
(M,VD,)"'=vD, M'=+vVD,M! = (M,VD,)
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Degree elevation with Bernstein coefficients

M ="T,c
(n—i—l 0 0 0 0 0 \
1 n 0 0 0 0
0 2 n-—1 0 0 0
S 1
n+1
0 0 0 n—1 0
0 0 0 0 n 1
\ 0 0 0 0 0 n—l—l)
" =T, ,c

T, = Tn—|—7°—1Tn—|—r—2 U Tn—|—1Tn

(5)(2))
("7")

Tn,r<i7 j) —

Byung-Gook Lee, Dongseo Univ. http://kowon.dongseo.ac.kr/~lbg/

13




Fifth International Conference on Curves and Surfaces, Saint-Malo, France, June 27 - July 3, 2002

Degree elevation with Legendre coefficients

By the orthogonality of Legendre basis, the degree elevation of a polynomial with
Legendre basis is given by

| = (l07l17 . °7ln)t7
1) = (lg,14,...,1,,0,...,0)t.
N——

After r degree elevations, we have a linear system fn,rl = (") where the

~

(n+r+1)x(n+1) I,, matrix has elements

I, .(i.) 1 it =y,
n,r\t;J) =
0 ifi]
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Tn r I n,r

l |

dn_ M i )

THEOREM 6 The degree elevation matrix Ty, , can be expressed in M,jl, fn,r and
M+, as
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Degree Reduction with Bernstein coefficients

PROBLEM 1 (L DEGREE REDUCTION) Let {c;}I, be a given set of control points
which define the Bézier curve

(1) =3 Bl

of degree n. Then find another point set {b;}I", defining the approximative Bézier
curve

) = 3 b B ()

of lower degree m < n so that an La-distance function da(b™,c™) between b™ and

c™ 18 minimazed.
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THEOREM 7 The Lo-distance between the two Bézier curves b™ and c™ 1s
2™, ") = d2(b"), ") = A'Q, A
where A =c¢— Ty b, b= (bo,b1,...,bm)" and ¢ = (co,c1,...,cn)t.
For developing the method, rewrite d3(b™, c").
ds(b™,c") = A'Q,A

— [C - Tm,rb]th[c o Tm,rb]

= 'Quc—20'T}, .Quc+ 0T}, QnT b,
One method of obtaining the vector b is so-called the method of least squares. This
method consists of minimizing A*Q,, A with respect to b. We choose the vector b as

that the value of b minimizes A'Q, A. Equating 9(A*Q,,A)/db to zero and writing
the resulting equations in terms of I;, we find that these equations are

Trtn,rQnTm,T[; — Trtn,rQnC-
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THEOREM 8 The (n+ 1) x (n+ 1) matriz T Q. T,,_1 has the following property:
Tri—lQnTn—l — Qn—l-

Hence, the real symmetric positive definite matrix Tfn,TQnTm,T = (), is invertible.

Provided (T}, ,QnTim )~ exists, we have the unique solution for b,
l; — (Tfn,rQnTm,T)_len,rQnC'

This approximate curve is the best approximation with respect to the Lo-norm.

Lee, B.G. and Park, Y.(1997), Distance for Bézier curves and degree reduction, Bull.
Australian Math. Soc., 56, 507-515.

Lutterkort, D., Peters, J. and Reif, U.(1999), Polynomial degree reduction in the L2-norm
equals best Euclidean approximation of Bézier coefficients, Computer Aided Geometric
Design, 16, 607-612.
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Degree Reduction with Legendre coefficients

By the orthogonality of Legendre basis, the degree reduction of a polynomial with
Legendre basis is given by

I = (lo,ly,....1,)"
(Y = (lo,lh, ... L)t

After r degree reductions, we have a linear system

1= =1, .l
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THEOREM 9 The degree reduction matriz can be expressed in M, and M1 as

(Tfn,rQnTm,T)_l Trtn,rQn — Mmjn,—rMyjl-
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Example [Parametric case, n=4]

c=1[0,1,2,1,0]",

4 6\/50 2
5 35 7105

e = (5 (57) + (5%)"

31 9 -3 =5 3

",

Moly oM " = = | -8 17 o2r ar 13 |,
3 -5 -3 9 31
- 4 65
12 =, oM le=[=,0— t
4-2My e =13 35 |
- —2 88 —2
(=2) = Moy oM te=[—,=, 27
c 244, —2M,y C [35735a35]7

9 2
(-2) 2:<%) 6v5
121" = (5) + (5 )
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1. For the degree reduction with Bernstein basis, we can use the explicit matrix
form of J\Lnfn,_ng1 instead of finding the inverse matrix of TﬁanTm,T.

2. Our method using the relationship of transformations between Legendre and
Bernstein basis is a simple and efficient method for optimal multiple degree

reductions with respect to the Lo-norm.

3. This best approximation does not interpolate the given curve at its endpoints.
Thus we have to consider the smoothness of our method for the practical use.

Thank you.
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