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ConstrainedLegendrePolynomials

ItiswellknownthatthebestapproximationofagivenBéziercurvef(t)ofdegree

nbytheBéziercurveofdegreen−1inL2-normis

f̄(t)=f(t)−anln(2t−1),t∈[0,1]

whereanistheleadingcoefficientoff(t)and

ln(t)=

n∑

i=0

(−1)
n+i

(

n

i

)

B
n
i(
t+1

2
)

istheLegendrepolynomialofdegreen.

However,thebestapproximationf̄(t)doesnotagreewithf(t)fort=0and1.
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ConstrainedLegendrePolynomials

Eck(1995)extendstheconceptinsuchawaythatthefirstα−1derivativesofthetwo

curvesf(t)andf̄(t)att=0andt=1agreefortheintegerα≥0.Thenthebest

approximationofgivenBéziercurvef(t)ofdegreenbytheBéziercurveofdegreen−1

inL2-normsatisfying

d
i
f

dti(t)=
d
i
f̄

dti(t)i=0,···,α−1

att=0andt=1is

f̄(t)=f(t)−a
α
nl
α
n(2t−1),t∈[0,1]

wherel
α
n(t)iscalledbyconstrainedLegendrepolynomialandhastheBernstein-Bezier

representation

l
α
n(t)=

n−α
∑

i=α

(−1)
n+i

(

n

i

)

wi
B
n
i(
t+1

2
)

withtheweights

wi=

(

n

i

)

2

(

n

i−α

)(

n

i+α

).

Herea
α
nmustbechosensothatf̄(t)isapolynomialofdegreen−1.
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EquivalenceofOrthogonalComplements

LetPnbethelinearspaceofpolynomialsofdegreelessthanorequalton.Also

form<nandα=0,···,[m/2]+1,let

P
α
m={f(t)∈Pm:

d
i
f

dti(t)=0att=0,1fori=0,···,α−1},

Q
α
m={f(t)∈Pm:f(i)=0fori=0,···,α−1andi=n−α+1,···,n}.

NotethatP
0
m=Q

0
m=Pm.LetB

n
andQ

n
betherowvectorsofBernstein

polynomialsandLagrangepolynomials

B
n

:=[B
n
0,···,B

n
n],whereB

n
i(t):=

(

n

i

)

t
i
(1−t)

n−i
,

Q
n

:=[Q
n
0,···,Q

n
n],whereQ

n
i(t):=

n∏

j=0,j6=i

t−j

i−j
.

Withb∈R
n+1

,acolumnvectorofcoefficients,wewritepolynomialsinBBform

andLagrangeformasB
n
bandQ

n
b,respectively.
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ThefollowingsaretheextensionsofLemma2.1andTheorem3.1inLutterkortetal.

(CAGD16,607-612,1999).

Lemma1ApolynomialB
n
bisofdegree≤mwithb(i)=0fori=0,...,α−1and

i=n−α+1,...,nifandonlyifthevectorofcoefficientsisapolynomialofdegree≤m

withzerosati=0,...,α−1andi=n−α+1,...,ninitsindex,i.e.,

B
n
b∈P

α
m⇔Q

n
b∈Q

α
m.

Theorem2TheorthogonalcomplementsofP
α
minP

α
n(m<n)withrespecttothe

L2-innerproduct

〈f,g〉L:=

∫

1

0

f(t)g(t)dt(1)

andtheweightedEuclideaninnerproductoftheBBcoefficients

〈B
n
b,B

n
c〉w:=

n−α
∑

i=α

biciwi(2)

areequal,wherewi=
(
n
i)

2

(
n
i−α)(

n
i+α)

.

JaechilYoo,DongeuiUniversity/e-mail:yoo@dongeui.ac.kr5



SIAMConferenceonC.A.G.D.,Nov.9-Nov.13,2003inSeattle

ConstrainedDegreeReduction

Corollary3GivenapolynomialB
n
bofdegreen,theapproximationproblem

min
p∈Pm

{‖B
n
b−p‖:

d
i

dtiB
n
(t)b=

d
i

dtip(t)att=0,1fori=0,···,α−1}

hasthesameminimizerforthenorminducedeitherbytheL2-innerproduct(1)or

theweightedEuclideaninnerproduct(2).

Corollary4DenotebyP
α
m,nthelinearoperatormappingpolynomialsB

n
b∈Pn

totheirbestconstrainedL2-normorweightedEuclideanapproximantp∈P.Then

P
α
m,n=P

α
m,`P

α
`,n,m≤`≤n.
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AsymmetricConstrainedDegreeReduction

Weextendtheresultsinabovesectionstothecaseofasymmetricconstraint.

Forthenonnegativeintegersαandβsatisfyingα+β≤m+1,let

P
α,β
m={f(t)∈Pm:

d
i
f

dti(0)=0fori=0,···,α−1,and

d
i
f

dti(1)=0fori=0,···,β−1}

Q
α,β
m={f(t)∈Pm:f(i)=0fori=0,···,α−1andi=n−β+1,···,n}.

ThefollowinglemmaandcorollariesareobtainedfromLemma1andTheorem2.
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AsymmetricConstrainedDegreeReduction

Lemma5

B
n
b∈P

α,β
m⇔Q

n
b∈Q

α,β
m.

Corollary6TheorthogonalcomplementsofP
α,β
minP

α,β
nwithrespecttothe

L2-innerproductandtheweightedEuclideaninnerproductoftheBBcoefficients

〈B
n
b,B

n
c〉w:=

n−β
∑

i=α

biciwi(3)

areequal,where

wi=

(

n
i

)

2

(

n
i−α

)(

n
i+β

)
.(4)
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AsymmetricConstrainedDegreeReduction

Corollary7GivenapolynomialB
n
bofdegreen,theapproximationproblem

min
p∈Pm

{‖B
n
b−p‖:

d
i

dtiB
n
(t)b=

d
i

dtip(t)att=0fori=0,···,α−1,

andatt=1fori=0,···,β−1}

hasthesameminimizerforthenorminducedeitherbytheL2-innerproduct(1)or

theweightedEuclideaninnerproduct(3).

Corollary8DenotebyP
α,β
m,nthelinearoperatormappingpolynomialsB

n
b∈Pn

totheirbestconstrainedL2-normortheweightedEuclideanapproximantp∈P.

Then

P
α,β
m,n=P

α,β
m,`P

α,β
`,n,m≤`≤n.
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Examples

Inpractice,oneisofteninterestedintheBBformp=B
m
coftheconstrainedbestdegree

reductionfromthepolynomialB
n
b.Inordertocomparecoefficients,phastoberepresentedin

termsofB
n
,i.e.,p=B

n
c(r).Thedegreeraising(n+1)×(m+1)matrixTm,rformappingthe

BBcoefficientsctoc(r)haselements

Tm,r(i,j)=

(

m
j

)(

r
i−j

)

(

m+r
i

),i=0,1,...,m+randj=0,1,...,m.

Thenthedegreereductionamountstosolvingtheleastsquaresproblem

min
c∈Rm+1

||b−Tm,rc||w

withC
α−1-continuityatt=0andC

β−1-continuityatt=1.

Tosolvetheleastsquaresproblemexplicitly,let

d=b−Tm,rc,

wherebisthegivenvector,andcistheunknownvector.ConsideringC
α−1-continuityatt=0

andC
β−1-continuityatt=1,wecanimpose

n!

(n−i)!
∆
i
b0=

m!

(m−i)!
∆
i
c0fori=0,1,...,α−1

n!

(n−i)!
∆
i
bn−i=

m!

(m−i)!
∆
i
cm−ifori=0,1,...,β−1.
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Withtheseconditions,wesolveb−Tm,rcandsplititintwoparts,namelythe

knownpartb̃andtheunknownpartc̃i.e.,

d̃=b̃−Tm,rc̃.

LetA
α,β

bethesubmatrixofthe(n+1)×(n+1)matrixAobtainedbyextracting

rowsαthrough(n+1−β)andcolumnsαthrough(n+1−β)andletv
α,β

bethe

subvectorofthevectorvobtainedbyextractingrowsαthrough(n+1−β).

LetWnbethediagonalmatrixwhosediagonalelementsaregivenby(4).

Thenthesolutionc̃
α,β

isgivenbythepseudoinverseP
α,β
m,rofthedegreeraising

matrix

c̃
α,β

=P
α,β
m,rb̃

α,β
=
(

(T
α,β
m,r)

T
W

α,β
nT

α,β
m,r

)

−1
(T

α,β
m,r)

T
W

α,β
nb̃

α,β
.
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Example1.n=5,r=1,C
0
-continuity,α=β=1

d=b−T4,1c,

d=













b0

b1

b2

b3

b4

b5













−
1

5













50000

14000

02300

00320

00041

00005





















c0

c1

c2

c3

c4









,

wherec0=b0,andc4=b5.

d̃=b̃−T4,1c̃,

d̃=













0

b1−
1
5b0

b2

b3

b4−
1
5b5

0













−
1

5













50000

14000

02300

00320

00041

00005





















0

c1

c2

c3

0









.
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d̃
1,1

=b̃
1,1
−T

1,1
4,1c̃

1,1
,

d̃
1,1

=







b1−
1
5b0

b2

b3

b4−
1
5b5





−
1

5







400

230

032

004







(

c1

c2

c3

)

.

P
1,1
4,1=

(

(T
1,1
4,1)

T
W

1,1
5T

1,1
4,1

)

−1
(T

1,1
4,1)

T
W

1,1
5=

(

55
48

5
24−

5
24

5
48

−
5
12

5
6

5
6−

5
12

5
48−

5
24

5
24

55
48

)

,

where

W
1,1
5=







5
2000

0200

0020

000
5
2





.

c̃
1,1

=P
1,1
4,1b̃

1,1
.
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Example2.n=5,r=1,α=1,β=2

d=b−T4,1c,

d=













b0

b1

b2

b3

b4

b5













−
1

5













50000

14000

02300

00320

00041

00005





















c0

c1

c2

c3

c4









,

wherec0=b0,c3=b5−
5
4(b5−b4),andc4=b5.

d̃=b̃−T4,1c̃,

d̃=













0

b1−
1
5b0

b2

b3−
1
2b4+

1
10b5

0

0













−
1

5













50000

14000

02300

00320

00041

00005





















0

c1

c2

0

0









.
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d̃
1,2

=b̃
1,2
−T

1,2
4,1c̃

1,2
,

d̃
1,2

=

(

b1−
1
5b0

b2

b3−
1
2b4+

1
10b5

)

−
1

5

(

40

23

03

)

(

c1

c2

)

.

P
1,2
4,1=

(

(T
1,2
4,1)

T
W

1,2
5T

1,2
4,1

)

−1
(T

1,2
4,1)

T
W

1,2
5=

(

35
36

5
9−

5
9

−
5
27

10
27

35
27

)

,

where

W
1,2
5=

(

5
200

040

0010

)

.

c̃
1,2

=P
1,2
4,1b̃

1,2
.
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DegreereductionofBéziercurvefromdegreefivetodegree

fourwithconstraintα=1andβ=2

Asanexample,considerthepolynomialB
5
bwithBBcoefficients

b=[0,1,4,2,5,0]
t
.

ThebestapproximationB
4
cwithC

0
-continuityatt=0andC

1
-continuityat

t=1hascoefficients

c=[0,125/36,35/54,25/4,0].
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DegreereductionofplanarBéziercurvefromdegreetentodegreefivewithconstraintα=β=1:

circlesarethecontrolpointsofgivencurveandcrossesarethecontrolpointsofdegree-reduced

curve
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Degreereductionsaftersubdivisionofthegivencurve:crossesandboxesarethecontrolpointsof

thedegree-reducedcurveswithconstraint(α,β)=(1,2)and(α,β)=(2,1),respectively
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