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Abstract. It is frequently important to approximate a rational Bézier curve by an integral, i.e.,
polynomial one. This need will arise when a rational Bézier curve is produced in one CAD system
and is to be imported into another system, which can only handle polynomial curves. The objective
of this paper is to present an algorithm to approximate rational Bézier curves with polynomial curves
of higher degree.
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1. Introduction. A polynomial Bézier curve of degree n can be represented by
n
b(0) = 3 B (D), (1)
k=0

where B} (t) are Bernstein polynomials of degree n, and by(k = 0,---,n) are control
points of b™(t). A rational Bézier curve is defined by

b (t) — ZZ:O Wk kaITcl (t)
ZZ:U wy B (t) ’
where wy, are weights of the control points bg. Clearly (1) is a genuine generation of
(2): we obtain the polynomial case by setting all wy’s are same values.

A great majority of CAD systems for free-form curve and surface modelling use
polynomial representations; nowadays rational representations are also introduced
because of the larger degree of freedom that they offer and the exact representation
of conics. The fundamental idea of the rational Bézier algorithms is to evaluate and
manipulate the curves and surfaces by a small number of control points and weights.
The new industrial interface STEP also deals with rational curves and surfaces. With
the availability of a fast growing variety of modelling systems, the demand has risen
to exchange curve and surface descriptions between CAD systems. It is frequently
important to approximate a rational Bézier curve by an integral, i.e., polynomial one.
This need will arise when a rational Bézier curve is produced in one CAD system and
is to be imported into another system, which can only handle polynomial curves. This
paper describes two algorithms to approximate rational Bézier curves with polynomial
curves of higher degree.

(2)

2. Least Squares Approximation by Polynomial Bézier Curve. The most
appropriate metric for the curves in geometrical terms would be the Hausdorff distance
([2]). Suppose (M, d) is a metric space with subsets A and B. We define the Hausdorff
metric dg by

dy (A, B) = max {sup d(z, B), sup d(y, A)} ,where d(z, B) = inf d(z,y).
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If we regard a planar curve as simply a locus of points without any underlying
parameterization, the Hausdorff metric for two such curves is essentially the radius of
the largest circle with its center on one curve and touching the other curve. For general
parametric curves, this measure is truly independent of the relative parameterizations
of two curves. Emery([3]) presents a method for explicit computation of Hausdorff
metric for piecewise linear curves, but the computation of Hausdorff distance dg of
two nonlinear curves is not so easy. So we define and use the Lo distance for the Bézier
curves. In general least squares approximation of rational Bézier curves address the
following problem.

PrOBLEM 1 (Least Squares Approximation). Find another points set {c;},
defining the approximative polynomial Bézier curve of higher degree m > n so that
the least squares distance function

dys(b7,¢™) = \/ / [Bn(t) — em(t)2dt

between b and ¢ is minimized on the interval [0, 1], where ||-|| denotes the Euclidean
distance.

We define the Hadamard product and Hadamard division of the matrices. Let
A and B be the n x m matrices with A = (a;;)nxm and B = (b;j)nxm- Then
the Hadamard product is A © B = (ai; X bij),.,, and the Hadamard division is
A0 B = (aij/bij) pm:

Let the W = (wq, w1, ..., wy)t and B = (bg, by, ..., b,)t be the (n + 1)—vectors.
Then, we can write the degree elevation formula ([9], [10]) of rational Bézier curve as
alinear system W) = T, ,W and W © B") = T, .(W®B), the (n+r+1)x (n+1)
matrix Ty, = Thyr—1Tntr—2 ... Thy1T, has elements

t+:(?)(§) {iZO,l,...,n
HETE Lison

Let us consider the least squares distance function.

1
dus(b", c™)? = / Bn(t) - <™ (1)t
0
N

1 R S S
= Jim, 3 I )~ )l
n+r
= lim 1 ZHbm —c(»r_l)”2 where l =m —n
rosoon 41 pas ¢ ¢ ’
n+r
EEET (r) _ (rfl) (r) . (rfl)
- ,r_ll{I;o n+r ;[bz G ][bz G ]
1
= [BM) — =D B — ¢" D] for some large r
n+r
1
- DD,
n+r

where D = B(") — C(=0) = [T, ,(W ® B)] @ [T xW] = Trn.r—iC-
For some large r, it is sufficient from now on to investigate the Euclidian distance
with respect to the control points. One method of obtaining the vector C' is so-called
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method of least squares ([4]). Choosing the vector C' that value of C' which mini-
mize D!D involves differentiating D!D with respect to the elements of C. Equating
O(D'D)/dC to zero and writing the resulting equations in terms of C, we find that
these equations are

Tt

m,r—I

Tm,r—lé = Trtn,rfl{[TnJ‘(W © B)] © [Tn,rW]}-

They are known as the normal equations. Provided (T}, ,Trm,,)~" exists they have

the unique solution for ¢ ,

C = (Tt ,rfleJ‘—l)_lTrtn,rfl{[Tnﬂ"(W © B)] %) [Tn,rW]}-

m

F1G. 2.1. Least squares approzimation by polynomial Bézier curve(open). The rational Bézier
curve(solid) is over the weight vector (1,2,3,1,1),n = 4,m = 7,r = 30. Times marks indicate the
images of curves evaluated at 10 equal parameter intervals.

3. Approximate Conversion of Rational Bézier Curve. In general, we
will not be able to converse rational Bézier curve to polynomial one. But, we can be
approximately represented as a polynomial Bézier curve of sufficiently large degree
m7

o wibiBR () &
% ~ Z ¢;jBj"(t) for some large m.
i=0 Wil ;

Jj=0

3
3

n
> wibiB(t) ~ Y wiB(t) Y ¢; By (t)
=0

=0 j=0
n m
=D wic;Bi (t)B}'(t)
i=0 j=0
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The degree of left-hand side curve can be elevated from n to n + m. Then we
make use of the generalized degree elevation formula:

n+m n+m

n+m n+m
>y Do =S ¥ D vem o,
k=0 i+j=k k=0 i+j=k

This simplifies enough so that we can compare coefficients:
O - OO
> Wwi =D Wwi‘fi-
itj=k \ k itj=k \ k
Then, we can rewrite the formula as a linear system
Th ,C =Thm(W o B),

where the (m +n + 1) x (m + 1) matrix T} | has elements (w;t;;;). The linear
equation T,y C' =T}, ,, (W © B) are consistent for some large m , i.e.

Tw (TrlrlL] nTrlrlL] n) 1TrlrlL],nTn,m = dnm
and have
C = (T, T8 ) ' TY Ty m(W © B)

as a solution.

Fi1c. 3.1. Approzimate Conversion of rational Bézier curve. The rational Bézier curve(solid)
is over the weight vector (1,2,3,1,1),n =4, m = 30. The Bézier curve(open) after degree reduction
from m to 7. Times marks indicate the images of curves evaluated at 10 equal parameter intervals.
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