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Abstract

An algorithmic approach to degree elevation of B—spline curves is presented. The
new algorithms are based on the blossoming process and its matrix representation.
The elevation method is introduced that consists of the following steps: (a) decom-
pose the B—spline curve into piecewise Bézier curves, (b) degree elevate each Bézier
piece, and (c¢) compose the piecewise Bézier curves into B-spline curve.
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1 Introduction

Degree elevation of B—spline curves are well understood and several algorithms
are published ([10], [11], [12], [13], [14], [15]). From a software engineering point
of view, it is desirable to implement a simple and easy-to-understand algo-
rithm. This approach was taken by Piegl and Tiller([11], [12], [13]), who im-
plemented the simplest algorithm; they decomposed the B—spline curve into
piecewise Bézier curves, elevated the degree of each Bézier piece, and then
composed the piecewise Bézier curves into B—spline curves. We describe here
the modified form of Piegl and Tiller’s degree elevation algorithm. The new
algorithms are based on the blossoming analysis ( [2], [8], [16], [17]) and matrix
representation of the process.

Preprint submitted to Elsevier Preprint 29 November 1999



2 Degree Elevation

Since a B-spline curve is a piecewise polynomial curve, it must be possible to
elevate its degree from p to p + r. That is, there must exist control points P
and a knot vector U such that

Cp(u) = Cl(u) = ZPN (u).

The curve C3(u) and C%(u) are the same geometrically and parametrically.

The computing of 7, P and U is referred to as degree elevation. The knot
vector U and number of points n can easily be computed as follows.

Assume that U has the form

U= {g,a,...,a,yl,...,ull,...,ys,...,us,?,b,...,Q}
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where the end knots a and b are repeated with multiplicity p+ 1 , the interior

knots u; are repeated with multiplicity m; and s is the number of distinct

interior knots. Since the curve C%(u) is CP~™i—continuous at the knot of

multiplicity m;, C’Ifg(u) must have the same continuity. Consequently, the new

vector must take the form

U=A{a,a,...,a,uy,...,u1,...,Us, ..., Us,bb... b}
~ ~~ ~ ~~ d —_— ——
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which gives n = n + (s + 2)r.

The computation of P can be done in a number of different ways, including
solving a system of linear equations([3]), combining some techniques of box
splines with knot insertion([14]), using blossoming analysis([10]), or approach-
ing aspect of software engineering ([11]). We provide a procedural method that
combine the blossoming analysis and the software engineering aspect with the
generalized least square method. The procedure can be summarized as follows:

(1) Decompose the B—spline curve into piecewise Bézier curves.
(2) Degree elevate each Bézier piece.
(3) Make the B-spline curve from the piecewise Bézier segment.

Curve Decomposition: Curve decomposition is normally done via knot
insertion. This is very convenient in curve design when it is necessary to have
local control. In the case of a nonuniform B-spline curve a new knot can be
inserted to increase the number of control points and the number of curve
segments. Consider the cubic B-spline curve in Fig. 1 with blossoming nota-
tion. Here, the Bézier segments are extracted by inserting knot 1 two times.



From these we can get first Bézier piece Bg(
and Bg(1,1,1), and second Bézier piece Bg(1,
and Bg (3,3, 3).
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Fig. 1. Curve decomposition of a cubic B—spline curve. The control polygon(circle)
after inserting knot u = 1 two times into the knot vector (0,0,0,0,1,3,3,3,3).

The multiaffine and symmetry property can be used to compute new blos-
som values from old ones. For example, consider finding the value Bg(0,1,1),
Bg(l, 1, 1), and Bg(l, 1, 3) Note,

Ba(0,1,1) = 2/3B¢(0,1,0) + 1/3B¢(0,1,3) = (0,0,1) + 1/3B¢(0, 1, 3)
Bg(1,1,1) = 2/3Bg(1,0,1) + 1/3Bg(1,3,1) = 2/3Bg(0,1,1) + 1/3Bg(1,1,3)
=4/9Bg(0,0,1) + 4/9B¢(0,1,3) Bg(1,3,3)

(0,1,3) (3,1,3) (

Bea(1,1,3) = 2/3B¢(0,1,3) + 1/3B¢(3,1,3 0,1,3) + 1/3B¢(1,3,3).

The Decomposition algorithm in Fig. 1 is expressed in a matrix form as

Q = MyP
where
Bg(0,0,0) 10 0 00
Bg(0,0,1) 01 0 00 Bc(0,0,0)
Ba(0,1,1) 02/31/3 0 0 B¢(0,0,1)
Q=] Bg(1,1,1) | ,Ma=| 04/9 4/9 1/9 0 | and P= | Bg(0,1,3)
Ba(1,1,3) 0 0 2/31/30 Ba(1,3,3)
Bg(1,3,3) 00 0 10 Ba(3,3,3)
Ba(3,3,3) 00 0 01



Next we give detailed pseudocode to compute the decomposition matrix M.
It uses a local array V' of size s to store the ¢th distinct interior knot values
and another one M of size s to store the multiplicity.

Make _DecomposeBsplineMatrix(U, m, n, p)

// Input: Knots vector U = {a, a,...,a,uy, ... 0y, ..., U ..., Us,bb, ... b},
// number of knots m + 1,

// number of control points n + 1 and degree p

// Output: p(s + 1) + 1 % n + 1 matrix My

(* In case of Bezier curve *)
if (n = p) exit;

(* initialize some variables *)
s=1;t=1;1=p;

(* initialize M, matrix *)
for (1 =0tonbyl)
for (j =0ton by 1)
if (i = j) Mg[i][j] = 1; else Mg[i][j] = O;

(* compute knot multiplicity *)

V]S = Ulp+ 1]; M[s] = 1.

for i=p+2tonbyl)
if (V[s] = Uli]) M[s] = M]s] + 1;
else s = s+ 1; V[s] = Uli]; M[s] = 1;
endif

endfor

(* make M, matrix *)
for (1 =1to s by 1)
[ =1+ Ml[il;
for (j = M[i] top—1by 1)
KnotsInsertion (U, [, V[i], n, n + t, p);
for (k=m+ttol+1by —1) Ulk]| = Ulk — 1];
Ull=V]il;l=14+1t=t+1,
endfor
endfor

KnotsInsertion(U, [, v, n, k, p)
// Input: Knots vector U, new knot v € [u;, u;41), and degree p
// Output: n + 1% k + 1 matrix M,

for (i=0—-p+1tol—1byl)



a=(v—U[)/ (Ui +p] - Uli));
for (j=0tonbyl)
Tlllj] = (1 = a)Mg[t — 1][5] 4+ aMq[d][5];

endfor
endfor
for (i =k tol by —1)

for (j =0 to n by 1) My[i][j] = Mq[i — 1][];
for (i =]l—p+1tol—1byl)

for (j =0 to n by 1) My[i][j] = T[i][j];

Degree Elevation of Bézier Curves: The degree elevation of Bézier curves
is well understood and well documented([7]). As a first step, consider raising
the degree of the Bézier curve by one. We can show that new control points
are obtained from the old polygon by piecewise linear interpolation at the
parameter values j/(n+1). We may repeat this process and obtain a sequence
of control points. After r degree elevations, we have a linear system R = T, ,()
where the (n + 7+ 1) x (n + 1) matrix T,,, = {t; ;} has elements([9])

(QQ) ézog,uﬂz 0

Bézier curves are known to be a special polynomial type of B—spline curve with
the knot vector given by n knots at a and n knots at b. By the dual functional
property the control vertices (); for the Bézier representation of the curve are
given in terms of blossom by @Q; = Bg(a,a,...,a,b,b,...,b) where a appears
as an argument (n — i) times and b appears i times. For the sake of simplicity,
consider the cubic case. We begin with the control vertices from the blossom
representations Bg(a, a, a), Bg(a,a,b), Bg(a,b,b), and Bg(b,b,b). From these
we wish to raise the degree of the Bézier curve by two. We can represent the
new Bézier curve as having a knot vector with n + 2 knots at a and another
(n + 2) at b as shown in Fig. 2.

(

(
Ry = Bg(a,a,a,b,b) = 1/10Bg(a,a,a) + 3/5Bg(a,a,b) + 3/10Bg(a, b, b)
Rs = Bg(a,a,b,b,b) = 3/10Bg (a,a,b) + 3/5B¢(a,b,b) + 1/10Bg (b, b, b)
R4 = Bg(a,b,b,b,b) = 3/5B¢(a, b, b) + 2/5Bg (b, b, b)
Rs = Bg(b,b,b,b,b) = B (b,b,b)



(0,0,0,0,0) (3,3,3,3,3)

Fig. 2. Degree elevation each Bézier piece(circle).

The degree elevation algorithm in Fig. 2 is expressed in a matrix form as

R = M.Q
where

B¢ (0,0,0,0,0) 1 0 0 0 0 0 0
B&(0,0,0,0,1) 2/5 3/5 0O 0 0 0 0
B (0,0,0,1,1) 1/10 3/5 3/10 0 0 0 0 B (0,0,0)
Bg(0,0,1,1,1) 0 3/10 3/5 1/10 0O 0 0 B (0,0,1)
Ba(0,1,1,1,1) 0 0 3/5 2/5 0 0 0 Bg(0,1,1)

R=| Bg(1,1,1,1,1) | .M. = 0 0 0 1 0 0 0 and Q = | Bg(1,1,1)
Ba(1,1,1,1,3) 0 0 0o 2/5 3/5 0 0 Bg(1,1,3)
Bg(1,1,1,3,3) 0 0 0 1/10 3/5 3/10 O Bg(1,3,3)
Bg(1,1,3,3,3) 0 0 0 0 3/10 3/5 1/10 Bg(3,3,3)
Ba(1,3,3,3,3) 0 0 0 0 0o 3/5 2/5
Bg(3,3,3,3,3) 0 0 0 0 0 0 1

The following algorithm compute degree elevation M, matrix.

Make_ElevateBezierMatrix(p, r, s)
// Input: Degree p, elevation degree r and number of distinct interior knots s
// Output: (p+7r)(s+ 1)+ 1xp(s+ 1)+ 1 matrix M,

div = 1;
for (i =1 to r by 1) div = div x (p + i);

M0] = 1;

for (1 =0topby 1)
for (j =1 to r by 1) M[j] = M[j] + M[j — 1)
for (j =0 tor by 1)



left =1,
for (k=1to jby 1) left=Ileft x (r—k+1);
right = 1;
for (k=1tor — jby 1) right = right x (p — i+ k);
Tli + j][i] = left x M[j] x right/div;
endfor
endfor

M. [0][0] = T'[0][0];
for (1 =0to s by 1)
for (j=1top+rbyl)
for (k=0 topby 1) M.[j+ (p+ r)i|[(k + p)i| = T[j][k];

Curve Composition: Now, we consider the knot removal algorithm. It is the
reverse process of inserting a knot. While knot insertion is a precise procedure,
i.e. the knot-inserted curve is precisely the same as the original one, knot
removal, in general, produces an approximation of the original curve. Clearly,
after a knot is inserted, it can be removed precisely.

Fig. 3. Composition of the piecewise Bézier curves with the knot vector
(0,0,0,0,0,0,1,1,1,3,3,3,3,3,3).

Consider the curve shown in Fig. 3. The knot v = 1 is removable two times
since the curve is C%-continuous at u = 1. Curve composition is the inverse of
decomposition. In Fig. 3, it can be expressed in a linear equation as

R:MDp



where

B¢ (0,0,0,0,0) 100 0 0 O 00O
B (0,0,0,0,1) 010 0 0 0 00O B¢ (0,0,0,0,0)
Bg(0,0,0,1,1) 001 0 0 0 000 B (0,0,0,0,1)
Bg(0,0,1,1,1) 000 1 0 0 000 Bg(0,0,0,1,1)
Bg(0,1,1,1,1) 0002/31/3 0 000 Bg(0,0,1,1,1)
R=| Bg(1,1,1,1,1) | .Mp=]| 000 4/9 4/9 1/9 000 | and P= | Bg(0,1,1,1,3)
Bg(1,1,1,1,3) 000 0 2/31/3000 Bg(1,1,1,3,3)
Bg(1,1,1,3,3) 000 0 0 1 000 Bg(1,1,3,3,3)
Bg(1,1,3,3,3) 000 0O 0O 0 100 Bg(1,3,3,3,3)
Bg(1,3,3,3,3) 000 0O 0O 0 010 Bg(3,3,3,3,3)
Bg(3,3,3,3,3) 000 0 0 0 001

Because Mp has full column rank and MM, is non-singular, (ME5Mp)~' M}
is a left inverse of the matrix Mp([18]). Therefore the consistent equation
R = MpP have the unique solution

P=M-R
where M, = (ML Mp)~tMY. This shows that
R = Mp (M4 Mp) ' MY R. 2)

We write down the algorithm for the degree elevation of a B-spline curve in
a shorthand notation.

(1) Make_DecomposeBsplineMatrix(knots, m, n, p) : My
with knots= {g,a,...,q,yl,...,uL,...,ys,...,us,f),b,...,lz}

le 77‘1(1 ms le
(2) Make_ElevateBezierMatrix(p, r, s) : M,
(3) Make_DecomposeBsplineMatrix(knots, m+(s+2)r, n+(s+2)r, p+r) : Mp
with knots= {?’a""7%}‘1""’Ulj""yS""’Ui’@b""’é}

~~

p+r+1 mi+r ms+7 p+r+1

Then,

where M = M, M_M,.
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