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Multilevel Triangulations

1. Triangulations

T = U T is a triangulation of R? if
meZ

( ) UAETm A
( ) The levels (7m)mez of T are nested. 7,41 is a refinement of

(c) Each triangle A € T, has at least two and at most My children
in 711, where My > 4.

(d) The valence N, of each vertex is < Np.

(e) No hanging vertices condition: No vertex of any triangle

A € T, lies in the interior of an edge of another triangle from 7,,.
(f) For any compact K C R? and any fixed m € Z, there is a finite
collection of triangles from 7, which cover K.
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T = Upmez Tm is locally regular if:

@ There exist constants 0 < r < p < 1 s.t. for each A € T and
any child A" € T of A

INEYNEYIN)
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Multilevel Triangulations

2. Locally regular (LR) triangulations.

T = Upmez Tm is locally regular if:

@ There exist constants 0 < r < p < 1 s.t. for each A € T and
any child A" € T of A

INEYNEYIN)

@ There exists a constant 0 < 61 < 1 s.t. for any A, A" € T,
(m € Z) with a common edge,

51 < JA|/|A") < 87
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3. Strong locally regular(SLR) triangulations.

Definition.

T = Upez Im is strong locally regular if T satisfies (i) and
There exists a constant 0 < 0, < 1/2 such that for any
A", A" € T, sharing an edge

|conv(A' U A")|/|A| < 65t
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4. Properties of triangulations.
[Relationship]
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[Invariance]

The key property of the collection of all LR-triangulations (or
SLR-triangulations) with fixed parameters is that it is invariant
under affine transforms.
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Multilevel Triangulations

4. Properties of triangulations.
[Relationship]
SLR = LR.

[Invariance]

The key property of the collection of all LR-triangulations (or
SLR-triangulations) with fixed parameters is that it is invariant
under affine transforms.

[Flexibility]

These conditions, however, allow the triangles in 7 to change in
size, shape, and orientation quickly when moving around at a given
level or through the levels. In particular, triangles with arbitrarily
sharp angles are allowed in any location and at any level.
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Multilevel Triangulations

4. Properties of triangulations.
This is also reflected in the fact that condition (iii) in the definition
of SLR-triangulations is equivalent to the following:
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Multilevel Triangulations

4. Properties of triangulations.
This is also reflected in the fact that condition (iii) in the definition
of SLR-triangulations is equivalent to the following:
[Affine transform angle condition:]
There exists a constant 5= 3(7), 0 < § < 7/3, such that if
Ng € Ty, meZ, and A: R? — R? is an affine transform that
maps Ag one-to-one onto an equilateral reference triangle, then for
every A € 7, which has at least one common vertex with Ap, we
have

min angle (A(A)) > 5,

where A(A) is the image of A by the affine transform A.
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Multilevel Triangulations

4. Properties of triangulations.

o Let T be an LR-triangulation of R%. Suppose that
AN € Tn,meZ, and A" and A" can be connected by n
edges from T,. Then

i~ < |A)J|A| < ant.
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Multilevel Triangulations

4. Properties of triangulations.

o Let T be an LR-triangulation of R%. Suppose that
AN € Tn,meZ, and A" and A" can be connected by n
edges from T,. Then

i~ < |A)J|A| < ant.

o Let T be an SLR-triangulation of R?. Suppose that
AN € Tn,meZ, and A" and A" can be connected by n
edges from Tp,. Then
1 _—u ‘maxedge (A,)| u

~ < < on.
@ n = |max edge (A”)| — 2
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1. Hierarchical families of bases. (Multiresolution analysis)

Triangulations : ... T4 7o T
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1. Hierarchical families of bases. (Multiresolution analysis)

Triangulations : ... T4 7o T
Spaces: ---C S_1C S C &1 C
Bases: ... d_, dq (o2

{Tm} mez nested triangulation of R2.

Sm C S®'(T,) the splines of degree < k, smoothness r.
b, ={pp:0€On} CSpyis a basis for Sp,.

suppyg C star’(v) =: Ey compact.
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Muliresolution Analysis

1. Hierarchical families of bases. (Multiresolution analysis)

Triangulations : ... T4 7o T
Spaces: ---C S_1C S C &1 C
Bases: ... b_4 dq (o2

{Tm} mez nested triangulation of R2.

Sm C S®'(T,) the splines of degree < k, smoothness r.
b, ={pp:0€On} CSpyis a basis for Sp,.

suppyg C star’(v) =: Ey compact.

Existence of suppyy is guaranteed by No hanging vertices
condition.
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Muliresolution Analysis

2. Hierarchical families of bases. Splines. (Multiresolution
analysis)

Define ® := U, ez Pm,
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2. Hierarchical families of bases. Splines. (Multiresolution
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Define ® := J,,cz Pm,(® is redundant) and
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2. Hierarchical families of bases. Splines. (Multiresolution
analysis)

Define ® := J,,cz Pm,(® is redundant) and
n
Zn(q)) = {S = Z Cipjpj & (D},

7olf,0) = infIF sl
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Muliresolution Analysis

2. Hierarchical families of bases. Splines. (Multiresolution
analysis)

Define ® := J,,cz Pm,(® is redundant) and
n
Zn(q)) = {S = Z Cipjpj & (D},

7olf,0) = infIF sl

Problem: Characterize the approximation spaces generated by
n-term approximation from & such as
{fel,:o5f,®)=0(n"")} (0<a< o).
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Characterization of approximation space
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Characterization of approximation space

Approximation spaces.

A} = AY(P,Ly), @ >0,0< g < oo,
the space of all f € L, such that

0 1 1/q
1Fllag = [l + (Z(nwn(m)p)q ) < .
n=1

n
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1. Interpolation space
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Smoothness space

1. Interpolation space

Definition. (Real method of interpolation by Peetre K-functional)

For0 <6 <1, 0 < g < oo, the interpolation space (X, Y)g 4:
the set of all functions f € X s.t

Flocy =1 U EPK(E )79, 0<q<oo
( ’ )9,17 SUPt>0 t—eK(f; t), q — >

is finite.
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Smoothness space

2. Smoothness space(Besov)
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Smoothness space

2. Smoothness space(Besov)

Definition. (Besov Spaces)

Let « > 0,0 < p,q < oo, take k := [a] + 1. The Besov space
Bg(Lp) is defined as the set of all f such that

Flpecpy = 1 UoT(E (£, 0))74) 7, 0 < q <o

is finite, where wy(f,t)p == supp<; |AK(F, )|l is the k-th
modulus of smoothness of f in L.

Kyungwon Park n-term Rational approximation and Franklin bases



Smoothness space

2. Smoothness space(Besov)

Definition. (Besov Spaces)

Let « > 0,0 < p,q < oo, take k := [a] + 1. The Besov space
Bg(Lp) is defined as the set of all f such that

Flpecpy = 1 UoT(E (£, 0))74) 7, 0 < q <o

is finite, where wy(f,t)p == supp<; |AK(F, )|l is the k-th
modulus of smoothness of f in L.

Kyungwon Park n-term Rational approximation and Franklin bases



Smoothness space

3. B-spaces

Kyungwon Park n-term Rational approximation and Franklin bases



Smoothness space

3. B-spaces
0<p<oo a>0 k>1, and 7 is determined from
1/7:==a+1/p.
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Smoothness space

3. B-spaces
0<p<oo a>0 k>1, and 7 is determined from
1/7:==a+1/p.
We define the B2X(T) as the set of all f € L, such that
Ifllpexry = (D AT Ex(f, ) )"
AeT
~ (O IAI wi(f, )Y < o,
AeT

where Ex(f,A): is the error of L.-approximation on A from [T
and wg(f, A); is the L-modulus of smoothness of f on A. e
Similarity

Spaces : Ag (X,Y)o,q By,
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Smoothness space

3. B-spaces
0<p<oo a>0 k>1, and 7 is determined from
1/7:==a+1/p.
We define the B2X(T) as the set of all f € L, such that
Ifllpexry = (D AT Ex(f, ) )"
AeT
~ (O IAI wi(f, )Y < o,
AeT

where Ex(f,A): is the error of L.-approximation on A from [T
and wg(f, A); is the L-modulus of smoothness of f on A. e
Similarity

Spaces : Ag (X,Y)o,q BY
Tools : On k(f,t) wi(f, t)p
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Spline approximation

3. Nonlinear n-term spline approximation.
Let ® := &+ be a sequence of basis functions over 7 a LR or SLR
triangulation.
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Spline approximation

3. Nonlinear n-term spline approximation.
Let ® := &+ be a sequence of basis functions over 7 a LR or SLR
triangulation. Denote by ¥ ,(®) the set of all splines s of the form

s= > appp,

oecM

where M C ©7, #M < n.
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Spline approximation

3. Nonlinear n-term spline approximation.
Let ® := &+ be a sequence of basis functions over 7 a LR or SLR
triangulation. Denote by ¥ ,(®) the set of all splines s of the form

s= > appp,

oecM

where M C ©7, #M < n. Denote

sE

Jn('c7 q))P = IZF:,EQD) Hf - SHP'

Let0<p<ooand a>0o0r p=ocoand a > 1, and
1/ =a+1/p.
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Spline approximation (general approach)

[Jackson] If f € B2k(®), then

on(f, ®)p < cn™ || f| ga(s)-
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Spline approximation (general approach)

[Jackson] If f € B2k(®), then

on(f, ®)p < cn™ || f| ga(s)-

v
Theorem.

[Bernstein] If s € X,(®), then

Isllga(@)y < en®sllp-
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Approximation spaces.

Kyungwon Park n-term Rational approximation and Franklin bases



Characterization

Approximation spaces.

If0<y<aand0< g< oo, then
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Characterization

Approximation spaces.

If0<y<aand0< g< oo, then

AY(®, Lp) = (Lp, BF(®))

Tq

with equivalent norms.
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Characterization

Approximation spaces.

If0<y<aand0< g< oo, then

AY(®, Lp) = (Lp, BEH(®))x 4

with equivalent norms.

One specific case:

Theorem.
Suppose 0 < p< oo anda >0 or p=o0c and o > 1, and let
7:=(a+1/p)7L.
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Characterization

Approximation spaces.

If0<y<aand0< g< oo, then

AY(®, Lp) = (Lp, BEH(®))x 4

with equivalent norms.

One specific case:

Theorem.
Suppose 0 < p< oo anda >0 or p=o0c and o > 1, and let
7:= (a+1/p)~L. Then we have

AZK(®, L,) = BE(®)

with equivalent norms.
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n-term rational approximation

Goal:
1. Relate spline approximation to rational approximation.
2. Generalize 1-d results to bivariate case.
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n-term rational approximation

Goal:

1. Relate spline approximation to rational approximation.
2. Generalize 1-d results to bivariate case. R, : the set of all
n-term rational functions on R? of the form

n
R = E I'm,
m=1

Kyungwon Park n-term Rational approximation and Franklin bases



n-term rational approximation

Goal:

1. Relate spline approximation to rational approximation.

2. Generalize 1-d results to bivariate case. R, : the set of all
n-term rational functions on R? of the form

n
R = E Fm,
m=1

where each r,, is of the form

ajx1 + bjxa + ¢;
) = H + +)?+1
1 (ajxl ﬁJX2 ’YJ)

where aj,...,7 € R, x := (x1,x) € R?, and K is fixed. (Every
R € R, depends on < cn parameters.)
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n-term rational approximation

Goal:

1. Relate spline approximation to rational approximation.

2. Generalize 1-d results to bivariate case. R, : the set of all
n-term rational functions on R? of the form

n
R = E Fm,
m=1

where each r,, is of the form

ajx1 + bjxa + ¢;
) = H + +)?+1
1 (ajxl ﬁJX2 i

where aj,...,7 € R, x := (x1,x) € R?, and K is fixed. (Every
R € R, depends on < cn parameters.)
Rn(f)p : the error of L,-approximation to f from R:

R(F)p = inf [If = Rl
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n-tern rational approximation

Let f € LP(R2), O<p<oo, a>0,and k> 1. Then
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n-tern rational approximation

Let f € LP(R2), O<p<oo, a>0,and k> 1. Then

Rn()p
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n-tern rational approximation

Let f € LP(R2), O<p<oo, a>0,and k> 1. Then

= . A\ 1/p*
Ralf)p < cn=* (D2 —(mPom(F, )l +IFIE) ", n=1,...,

m
m=1
(1)
where p* = min{1, p} and c depends only on «, p, k, and the
parameters of T .
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n-tern rational approximation

Let f € LP(R2), O<p<oo, a>0,and k> 1. Then

= . A\ 1/p*
Ra(F)p < en (2 —(mPom(f, TNV +IIFIE) ", n=1,...,

m=1
(1)
where p* = min{1, p} and c depends only on «, p, k, and the
parameters of T .

”
Corollary

If on(f,T), = O(n™7) for an arbitrary SLR-triangulation T,
0<p<oo,andy >0, then Ry(f), = O(n™7).
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n-tern rational approximation

@ Construct a n-term rational function which approximate a
spline over a triangle.
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n-tern rational approximation

@ Construct a n-term rational function which approximate a
spline over a triangle.

o Estimate the error by using a geometric vector valued
maximal function.
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Jackson type estimate
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Jackson type estimate

Suppose infr ||f| gak(e,) < o0 with a >0, k > 1, and
1/T:==a+1/p, 0 < p<oo. Then
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Jackson type estimate

Suppose infr ||f| gak(e,) < o0 with a >0, k > 1, and
1/T:==a+1/p, 0 < p<oo. Then

R(F)p < an~inf [fllggs(or)
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Franklin Bases

Franklin system : Fr
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Franklin Bases

Franklin system : Fr

By applying the Gram-Schmidt orthogonalization process to
{@o}oco~ in Lo( E) with respect to the order <.
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Franklin Bases

Franklin system : Fr

By applying the Gram-Schmidt orthogonalization process to
{@o}oco~ in Lo( E) with respect to the order <.

We obtain an orthonormal system Fr := {fy}pco~ in La(E)
consisting of continuous piecewise linear functions. Each
Franklin function fy is uniquely determined (up to a multiple +1)
by the conditions:
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Franklin Bases

Franklin system : Fr

By applying the Gram-Schmidt orthogonalization process to
{@o}oco~ in Lo( E) with respect to the order <.

We obtain an orthonormal system Fr := {fy}pco~ in La(E)
consisting of continuous piecewise linear functions. Each
Franklin function fy is uniquely determined (up to a multiple +1)
by the conditions:

(a) fy € span{py : 0 < 0}.

(b) (fa, per) =0 for all §" < 0,

(© Ifill2 = 1.

Note that f, = +15 = +|E|~Y/? 1.

Kyungwon Park n-term Rational approximation and Franklin bases



Franklin Bases

ungwon Park n-term Rational approximation and Franklin bases



Franklin Bases

Fr = {fy}oco

Kyungwon Park n-term Rational approximation and Franklin bases



Franklin Bases

Fr = {fp}gco~constitutes a decomposition system for various
spaces.

e Shauder bases for L,(E),1 < p < oo with Lo(E) = C(E).
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Franklin Bases

Fr = {fp}gco~constitutes a decomposition system for various
spaces.

e Shauder bases for L,(E),1 < p < oo with Lo(E) = C(E).
e Unconditional bases for L,(E),1 < p < o0

@ In fact, unconditional bases for the corresponding
(anisotropic) Hardy spaces

Kyungwon Park n-term Rational approximation and Franklin bases



Franklin Bases

Fr = {fp}gco~constitutes a decomposition system for various
spaces.

e Shauder bases for L,(E),1 < p < oo with Lo(E) = C(E).
e Unconditional bases for L,(E),1 < p < o0

@ In fact, unconditional bases for the corresponding
(anisotropic) Hardy spaces

@ thus characterizes the corresponding (anisotropic) BMO.
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Nonlinear approximation from Franklin Bases

If f € BX(T), then
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Nonlinear approximation from Franklin Bases

If f € BX(T), then

o (Fp < cn™[|fllge(z)-

n
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If g € Fp, then

|lellga(r) < cn®llgllp-
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Nonlinear approximation from Franklin Bases

If f € BX(T), then

o (Fp < cn™[|fllge(z)-

n

If g € Fp, then

|lellga(r) < cn®llgllp-
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Approximation spaces

If0<y<aand0< qg< oo, then

Az(]‘-Ta Lp) = (Lpa BS(T))%,q

with equivalent (quasi-)norms, where (Lp, BY(T))2 4 is the real

interpolation space between L, and BX(T) .
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Approximation spaces

If0<y<aand0< qg< oo, then

Az(]:Ta Lp) = (Lpa Bg(T))%,q

with equivalent (quasi-)norms, where (Lp, BY(T))2 4 is the real

interpolation space between L, and BX(T) .

In one specific case, Ag(Fr,Lp) can be identified as a B-space:

Assuming that 1 < p < oo, « >0, and 1/7 := a+ 1/p, we have

AZ(Fr, Lp) = BX(T)
with equivalent norms.
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Characterize the approximation space generated by R,.
Characterize the Hardy space by more smooth functions.
Develop rational bases on this setting.

etc

Thank you
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