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/‘Discreet Signal Processing' \

e Decomposition
[S° = {sk}ia] — [S7]

e Reconstruction

(57 = {s}i=y] = [S7]

Example : Discreet Fourier Matrix
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f(x) :(500827_‘_Vx)[6—64077(:13—1/8)2 4 6—64077(:13—3/8)2 4 6—64077(:13—4/8)2

4 6—6407r(x—6/8)2 4 6—64077(56—7/8)2]

We consider the sample

Fio2a = { f(
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/‘t heorem I \

Vf e L*([0,2n)),

f(x) = Z fne™, where f, = /f(t)e_mtdt

\ Remark I

The Fourier Analysis has also fatal drawbacks such as Gibbs Phenomenon,

approximation order, ---. They originate from the global support of the
bases functions.

N /
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/‘ Now, what do we Want?l

) : compact support such that

— Z fn,j7vb<2

n,jEL

"r—j)

‘ Notation I

o a(§) =2, gare "

° a(z) =), %akzk
o f(&)=[[(z)e " du

o Vi :=A{o(2" - —j)lj € nZ;
W, Vn, W, : similar way

-

Vf € L*(R)

/
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/‘ Definition I \

Biorthogoanl Wavelets System {&, ¢, 1), ¥}

e two scaling relations

o) =Y, and(2x — k) () =3, ard(2z — k)
() =S b2z — k) p(x) =3, bid(22 — k)

e biorthogonal relations

(6,0(-=3)) =bo; <+ al&al®) + a(§ +m)a(€ + ) =1

<¢"Z( B »7)> =0 < al©bE)+al+mbE+m)=0

<§5,¢(. —j)> = = a(O)bE) +al&+mbE+ ) =

(00— 5)) =805 = bEBE) +b(E +m)b(E+7) =1
xTheOretical things : completeness, stability /
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/‘ Well-Known I \

e Vo C Vi, de., ¢(—3) € Span{p(2-—Fk)|j € Z}
o V1 CVo+ Wy, ide, @2 -—j)€ Span{o(-—k),v(-—k)|je€Z}

‘HOW to construct the B.W.S.I

Find a,@ and b, b satisfying

N /
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/‘ Most popular two methods'

e Stating with a, b having finite supports : Unser’s Method

e Stating with a,a having finite supports: Our Method

‘Algorithm of Our Method'

1. Start with given a

2. To find a, solve the linear equation

a()a(E+m)+alf+mall+m) =1

\ b(é) = (-D)Na(¢+7), and b(¢) = (—1)Va(£ +m)

/
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/‘Stationary Subdivision Scheme'

Definition Subdivision Operator S, : ¢(Z) — ¢(7Z) is defined by

(Sa’l))i — Z A;—245U;.

JET

example: a = [1/2,1,1/2]

Construct 6 — S,6 — S26 — S35 - -

o §=[--,1.0000 -]

o Su8 =[ -+, 0.5000 1.0000 0.5000 - - -]

o 525 =[ ---, 0.2500 0.5000 0.7500 1.0000 0.7500 0.5000 - - -]
xsg(s =[--+, 0.125 0.250 0.375 0.500 0.625. 0.750 - - -]

9
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Figure 1: Top : S,d, Middle:S%4, Bottom : S2§, where a=[1/2,1,1/2],

Continuing this process, we put

- e Y,
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N

Definition Subdivision Operator S, : ¢(Z) — ¢(Z) is defined by

on-Stationary Subdivision Scheme

(Sqi); = Y alli_oju;.

JEZ

Construct § — S 010 — S,11.5,100 — S, 215,115,016 - - -

We put
PVl = lim S im -S540 S, 1510

n—oo

N

/
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\

/Important things : How to choose a

e a~b
e o~ ¢ and ISN@Z

e If we determine b satisfying some properties such as vanishing moments,

then a can be constructed.

‘ Advantage I

If a has a compact support and symmetry, then we can choose a with a

compact support. So, all of functions in BWS have compact supports

N /
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/‘Discreet Signal Processing via B.W.SI

e Decomposition
[SO = {sr}| — [S_l : D_l] — = (ST DT D_l]

S5k = (1 2)a(-) = 5+

Algorithm .
Dk = (] 2)b(—) x S—F+1

e Reconstruction
SV ={sp ] —[S':D e~ = [ST":D":.... D]

Algorithm S =ax(12)S " +bx (1 2)d"

\

/
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/‘ Decomposition I \

SV ={s} =[St D — - = [S":D ... D]

Analysis Recall : Vo C V1 +W_;4

- o /
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/‘ Polynomial Vanishing Moments'

o [a™p(x)dr =0

=

(1—2)" | b(z) <

‘Exponential Vanishing Moments'

o [e®i(x)dr =0

=

~

(1—€2) | b(z) <

(1+2)""" [ a(z)

(14+€e72) | a(z)

\

/
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/‘S ummary I \

1. Start with

3. Put
b(¢) = (~1)Yal(e + 7). and BI(E) = (-1)VaV (¢ +7)

4. we have the non-stationary B.W.S.

(5’7) Zkak; ]H (22 — k) é
\ l(z) =3 b gt (20 — k) l)(z) =
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Let clil(2) = (1 + r;2)dV(2), and

Fl(z) = chg]f[jﬂtll(gx — k)

keZ

gl (z) = ng]g[ﬂll(% — k)

keZ
If
1—r;| <C277, k>KeN
Then, the Holder exponent f 9] =1+4the Holder exponent g[j]

Example

1+ e#z)(l + e T )
(14 e27FT)(1 4+ ¢~ 21

aVl(z) = 2( (1+ 2)?

N

/‘ Main Tools: Dyn, Levin,Yoon’s result'

\

/
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/‘ Advantage beating Unser’s Method'

~

, b

. all finite support

\

/
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Numerical Experiment

f(t) = cos (2w Ft + Bsin(2nFst)), where F' =1.2, F; =0.0062, 3 =5.75
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