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The structure of flow control problem

1.0bjective functional

- A reason why one wants to control the flow

ex) flow matching, drag minimization, preventing separation, prevent-
ing transition to turbulence, deterring temperature variations.

2. controls or design parameters

- Boundary value controls

- Distributed controls

- Shape controls

3. Constraints



§1. Optimization problem for the Stokes system
Q C R*(n =2 or 3): Consider

. 01 D 0k 2
1 min f =—/ — d —/ f|< d
(1) J(f) =7 | fu—a de+ 2 | |f? da
subject to the Stokes equation
(—vAu+Vp=f in Q

V-u=0 in
(2) < u=0 on o

dr = 0,
AL

Lagrangian functional:

(3) L(u,v,f,p,q) = J(u, f)—l—/Q v(Au) - v—Vp-v+=f.v da:—/QV-uq dzx



The optimality system:

(—vAu+Vp=f in Q
vAV+Vg=oc1(i—u) in Q

(4) X V.-u=0 in

V-v=20 in

\ —oof =v in

and the problem is : Find (u,v,f,p,q) € H§(2)3 x L3(2)? satisfies
(4), where

13(Q) = {q € L2(Q) : /Qq dz = o} and
HI ()" i={v=(v1,...,0n) :v; € H}(Q),i=1,...,n.}.



Let U = Vu! = (Vuy, Vuo,

..., Vup),and V = Vvt = (Vuy, Voo,
the system (4) may be

(— (V- U)l4+Vp=f in <,
U-vu=0 in¢,

(5) < .
V.-u=0 in £,
\ u=0 onl,

(V(V-V)!'+Vg=o01(i—u) ing,
V-vvi=0 in Q,

(6) < .

V-v=20 in €2,

\ v=0 onl,

) P=_ Ty
g2

.., Vun),



From definition of U, the continuity condition V -u, and the Dirichlet

boundary condition u = 0 on 02, we obtain the equivalent extended

optimal system for (4):

4 t V .
—v(V-U)f4+Vp=—— inQ

02
U-Vu=0 inQ
V-u=0 in €2
(8) \ VxU=0 inQ
V(rl) =0 in Q
u=0 onl
nxU=0 onl,




(9)

V-Vvi=0
V-v=20
VXV =0
V#rVv) =0
v=20

nxV=2~0

(v(V-V) 4+ Vg=0c1(ii —u)

in €2
in €2
in €2
in €2
on [
on [,

in 2



§2. First order system least squares
(10)

G1(U,u,p,V,v,q; Q)
y
=|v(V-U)t - Vp— 0—2||%1 + |U — Vui||2 4+ |V - u||?

+v(V- V) + Vg +o1(u—d)|21 + ||V - VvV 2+ ||V -v]?

(11)
Go(U,u,p,V,v,q; 1)

V
=|lv(V - U)t — Vp — 0—2||2 + U - Va2 + |V - ul|? + ||V x U||?

+ [|IVtrQU)[12 4+ (V- V) + Vg + o1 (u— @)% + [V — Vvi|2
+ IV - V][ + |V x V|2 + [[Vtr(V)] 2.



Theorem 1. There are two constant C7 and C> dependent on o1, oo
and v such that for any (U,u,p,V,v,q) € W1 X W1, we have

(12) C1 M1(U,u,p,V,v,q) <G1(U,u,p,V,v,q;0)
and

(13) G1(U,u,p,V,v,q;0) <Cy M1(U,u,p,V,v,q),
where

M1(U,u,p,V,v,q) = U2+ [ul| + |IplI* + VI + [VI$ + |lq]*:



sAppendix A. Regularity estimates.

(14)
—Au+Vp/u+L=0 in ©
ooV
) AV +Vq/v+ Ztu=Lq n @ .4 fu=0 on O
VVU_—OV in O v=20 on 0f2.
V- v=20 in

\

We use ADN theory to prove that (14) applies when  has Ccbl
boundary. Let | = {l;;}, for 1 < 4,5 < 2n+ 2 and B = {B,;}, for
1 < pu < 2n,1 <35 < 2n+ 2 denote the differential operator and
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boundary operator corresponding to (14). For example, n = 3,

(15)

~

O
O
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B

(16)

where u = (uy,up,uz),v = (vy,v2,v3) and 4 = (uy, U2, u3).



Theorem 2. Assume that the system (14) is uniformly elliptic(and
in 2D satisfies the Supplementary Condition) and assume that the
boundary conditions satisfy the Complementing Condition. Further-
more, assume that for somek > 0, U € HTti(Q)2nt+2 e gE—si(Q)2nt2,
and G € H=mw=1/2(1")2n_ Then, there exist a constant C(v, o1, 05, k, Q) >
O such that

(17)

2n+2 2n+2 2n+2

S Wltrya < (5 IRl qat 3 Gl 120+ 3 1Ulog)
1=1 1=1 u=1 1=1

where s; =0 (1 <¢<2n), sopy1=sopt2=—1,1;=2 (1 <7< 2n),
tont1 = topg4o = 1 and ry, = =2 (1 < p < 2n). Moreover, if the

problem (14) has a unique solution, then the L2 norm on the right-
hand side of (17) can be omitted.



Proposition 3. Suppose that Q has C1'1 boundary. Then, for u,v €
H2(Q)™ and p,q € HY(Q2), we have the H? regularity estimate

[aflo 4 [[vll2 4 llpll1 + llgllx

Vv
18 < C(Va 0-170-279){||VAU — Vp — _H + ||VAV + Vg + O']_UH
(18) oo

1V - ully + Vvl
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Theorem 4. Assume that the domain 2 is a bounded convex poly-
hedron or has C1:1 boundary, the regularity bound (18) holds. Then
there are two constants C'1 and C> dependent on o1,0o and v such
that for any (U,u,p,V,v,q) € W x W», we have

(19) Cl MQ(H7 u7p7¥7V7Q) S GQ(H7 u7p7X7V7q; O))
and

(20) GQ(Q7 u7p7¥7v7q7 O) S 02 MQ(Q7 u7p7X7V7q)7
where

Mz(U,u,p,V,v,q) = [[U|I3 + [ull$ + Ipl|? + IVIIZ + [IVIIZ + lqlI3
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