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ABSTRACT

A geometric formulation of active contours for 2D,
3D boundary detection and motion tracking is pre-
sented. The technique is based on active contours
evolving in time according to intrinsic geometric mea-
sures of the image. The evolving contours naturally
split and merge, allowing the simultaneous detection
of several objects and both interior and exterior bound-
aries. The proposed approach is based on the relation
between active contours and the computation of mini-
mal distance curves or minimal surfaces in a Rieman-
nian space whose metric is derived from the image.
Previous models of geometric active contours are im-
proved, allowing stable boundary detection when their
gradients suffer from large variations, including gaps.
Numerical experiments are also presented.

1. INTRODUCTION

Since original work by Kass et al. [1, 2], extensive
research was done on “snakes” or active contour mod-
els for boundary detection. The classical approach is
based on deforming an initial contour Cy towards the
boundary of the object to be detected. The defor-
mation is obtained by trying to minimize a functional
designed so that its (local) minimum is obtained at
the boundary of the object. This energy model is not
capable of handling changes in the topology of the
evolving contour when direct implementations are per-
formed, and special, many times heuristic, topology
handling procedures must be used [3]. The approach
is also non-intrinsic.

Recently, novel geometric models of active contours
were simultaneously proposed by Caselles et al. [4]
and by Malladi et al. [5]. These models are based
on the theory of curve evolution and geometric flows,
which has received a large amount of attention from
the image analysis community in recent years [6, 7,
8, 9]. The approach allows automatic changes in the
topology when implemented using the level-sets based
numerical algorithm [10].

In [11], we studied the relation between both mod-
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els for two dimensional object detection, proposing
what we called “geodesic active contours.” We first
proved that, for a particular case, the classical energy
approach is equivalent to finding a geodesic curve in a
Riemannian space with a metric derived from the im-
age (see also [12]). This means that the boundary we
are looking for is the path of minimal distance, mea-
sured in the Riemannian metric, that connects two
given image points. We then showed that assuming
a level set representation of the deforming contour,
we can find this geodesic curve via a geometric flow
which is very similar to the one obtained in the ge-
ometric approaches mentioned above. However, this
geodesic flow includes a new component in the curve
velocity, based on image information, which improves
those models. In [13] we extended the “geodesic active
contour” model to three dimensional object detection.
We showed that the desired boundary is given also by
a surface of mirimal area, where the area is defined in
a non-Euclidean space. We shall review both models
below with some detail. Finally, combining this circle
of ideas with the geometric active contour model for
motion tracking proposed in [14] we propose the cor-
responding “geodesic active contour model for motion
tracking”. As in the previous geometric models, this
model will be able to track several moving objects in a
sequence of images and resolve occlusions without spe-
cial handling procedures. In all of these cases one can
show that the solution to the geodesic flow exists in
the viscosity framework, is unique and verifies stabil-
ity estimates. We shall illustrate the results obtained
with these models in a series of examples of real and
synthetic images.

2. GEODESIC ACTIVE CONTOURS
2.1. The geodesic curve flow

Let us briefly describe the classical energy based
snakes. Let C(g) : [0, 1] — R? be a parametrized pla-
nar curve and let 7 : [0,a] x [0,b] = R* be a given
image in which we want to detect the objects bound-
aries. The classical snakes approach [1] associates the



curve C with an energy given by
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where a, 3, A € R*. The first two terms control the
smoothness of the contours to be detected (internal
energy), while the third term is responsible for at-
tracting the contour towards the object in the im-
age (external energy). Solving the problem of snakes
amounts to finding, for a given set of constants «,
B, and X, the curve C that minimizes E. Note that
the approach is not topology independent, when con-
sidering more than one object in the image, special
topology-handling procedures must be added.

Let us consider a particular class of snakes model
where the rigidity coefficient is set to zero, that is,
B = 0. The main reasons motivating this selection
were discussed in [11]. Assuming this, and replacing
the edge detector |VI| for a general function g(|V1])?
of the gradient such that g(r) — 0 as r — oo, we
obtain,

B(C)

(1)

E(C) =a / IC'(q)\Pdg + A / (IVIC@))?de. (2)

The geodesic active contour model will be derived
from (2). The functional in (2) is not intrinsic. Actu-
ally, if we define a new parametrization of the curve
via and substitute in (2), we see that the energies can
change in an arbitrary form [11]. To eliminate this
degree of freedom we incorporate a constraint. For
that, let us define U (C) := —Ag(|VI(C)|) , and write
a = m/2. Therefore, E(C) = fo (C(g))dg, where L is
the Lagrangian given by £(C) := Z|C'|* - ( ). The
Hamiltonian (see [11]) is then givenby H = £ +(/((C)

where p := m(C’. Minimizing now the energy func-
tional (2) constraining the Hamiltonian to zero en-
ergy level, choice which is justified in detail in [11]
and which amounts to fix as zero the energy level of
an ideal edge, we get by means of Maupertuis’ prin-
ciple that minimizing E(C) given by (2) submitted to
the constraint H = 0 is equivalent to minimizing

1
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Thus, when trying to detect an object, we are not

just interested in finding the path of minimal classical

length but the one that minimizes a new length defi-

nition which takes into account image characteristics.
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In order to minimize (3) we search for the gradi-
ent descent direction of (3). Thus, according to the
steepest-descent method, to deform the initial curve

C(0) = Cp towards a (local) minima of (3), we should
follow the curve evolution equation

ac(t — Lo
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where k is the Euclidean curvature, N is the unit in-
ward normal, and the right hand side of the equation
is given by the Euler-Lagrange of (3) as derived in
Appendix B in [11].
2.2. The level-sets geodesic flow

The geodesic flow (4) is represented using the level-
sets approach [10], which we proceed to describe.

Assume that the curve C is a level-set of a func-
tion u : [0,a] x [0,8] — R. That is, C coincides with
the set of points u = constant (e.g. u = 0). This
representation is parameter free, then intrinsic. It is
easy to show, see for example Appendix C in [11] and
[10], that if the planar curve C evolves according to
C = ﬂ./\7, for a given function 3, then the embedding
function u should deform according to u; = SB|Vui,
where f is computed on the level-sets. By embedding
the evolution of C in that of u, topological changes
of C(t) are handled automatically and accuracy and
stability are achieved using the proper numerical al-
gorithm [10]. Therefore, we obtain that solving the
geodesic problem is equivalent to searching for the

steady state solution (%% = 0) of the following evo-
lution equation (u(0,C) = uo(C)):

5t
S = vy (o() ) 5)

That means, (5) is obtained by embedding (4) into u
with 8 = g(I)x — Vg - N. On the equation above we
made use of the fact that x = div (Ig—zl). Equation
(5) is the main part of the proposed active contour
model.

3. THE MINIMAL SURFACE MODEL

We may extend the previous model to object de-
tection in 3D images. In the case of surfaces the
“weighted” length is replaced by a “weighted” area

an = [ [otnaa, (6)

where da is the (Euclidean) element of area.
Taking a level set representation, in analogy with
(5), the steepest descent method to minimize (6) gives

D= vy (s ) ™)



(b) Final contour
Fig.1l. Foetus detection in ultrasound image

(a) Original image

However, now u is a function of (¢, ) whose level
sets at fixed t are generically surfaces. Compar-
ing Equations (5),(7) with previous geometric models
[4, 5] we see that the term Vg - Vu, naturally incorpo-
rated via the geodesic framework, is missing in them.
This term attracts the curve to the boundaries of the
objects (Vg points toward the middle of the bound-
aries) being of special help when this boundary has
high variations, including gaps, on its gradient val-
ues. Note that in the old model, the curve stops when
g = 0. This only happens at an ideal edge. This
makes the previous geometric models [4, 5] inappro-
priate for the detection of boundaries with (un-known)
high variations of the gradients. This is in part cor-
rected by the new gradient term.

As in the 2D case, we can add a constant force
([15]), obtaining the general minimal surfaces model
for object detection:

Ou

2 = [Valdiv (g(f)—Yl) +ug(DIVul.  (8)

[Vl

It has the same properties and geometric character-
istics as the geodesic active contours, leading to ac-
curate numerical implementations and topology free
object segmentation.

4. SNAKES IN MOVEMENT

One can also use these ideas to follow the succes-
sive positions of the boundaries of moving objects in
a sequence of images I(t,z), where t represents the
continuous time. The idea is to add a term to the
equation (8) which gives the displacement of the ob-
jects from an image to the next. Hence the resulting
model is [14]

Ou
ot

= [Vuldiv (g(t,2) m ) + v(t,2)| Vul
IVu

+ (=gt 2))v-Vu (9)

where v is the velocity vector field and g(t,z) is a
smooth function such that g(¢,z) = 1 if |[VI(t, z)| <
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(b) Detected surface

(a) Initial surface
Fig.2. Detection of two linked torus

k—e€and g(t, =) = 0if [VI(t,z)| > k + ¢ where k is
a given threshold and e is supposed to be small and |
denotes a smoothed version of . The first and second
terms of the rigth hand side above and the initial con-
dition have the same interpretation as in model (5).
The second term tries to keep the estimated contour
or snake near the boundary of the moving object (see
[14]). An experiment will be presented in next section.

5. EXPERIMENTAL RESULTS

Let us present some examples of the proposed ge-
ometric active contours model (5),(7). The numer-
ical implementation is based on the algorithm for
curve evolution via level-sets developed by Osher and
Sethian [10] and recently used by many authors for
different problems in computer vision and image pro-
cessing (see the references). In the following figures,
we follow the level set u = 0.

Figures 1(a),(b) show the detection of a foetus in
an ultrasound image. Figure 1(a) is the original image
with the initial active contour and Figure 1(b) repre-
sents the detected contour according to the 2D version
of (8). The original image was smoothed with a Gaus-
sian kernel before the detection was performed. This
avoids some local minima, and together with the at-
traction force provided by the new term, allowed to
detect an object with gaps in its boundary. Figure 2
is a test example showing the possibility of detecting
some kind of linked or knotted surface starting from
an ellipsoid containing it. Figure 2(a) represents the
initial surface which contains inside of it two linked
torus like in Figure 2(b). Figure 2(b) represents the
detected surfaces according to (8). We can observe
the change of topology during the evolution. Figure 3
shows a sequence of images where we want to follow
the contour of the ball using the equation (9). Fig-
ure 3(a) shows the initial image with the initial active
contour inside of the ball. Figure 3(b) shows the con-
tour found by the 2D version of the geometric active
contour model (8). Figures 3(c) and 3(d) show the
contour found by evolving the contour according to

(9)-



()
Fig.3. Tracking of a moving ball

(d)

6. CONCLUDING REMARKS

We presented a geometric formulation of active con-
tour models for 2D, 3D boundary detection and mo-
tion tracking. They were based in the level set formu-
lation of an evolution equation trying to minimize a
weighted length or area which interprets edges or ob-
Jject boundaries as geodesic curves or minimal surfaces
with respect to a Riemannian metric derived from the
image. We adapted this model to be able to track one
or several objects in an image sequence. As mentioned
above, the geometric formulation enables us to find
one or several objects simultaneously without special
topology handling procedures. Moreover, as shown
in [4, 11, 13] one can prove existence, uniqueness and
stability results for those models and check its correct-
ness at least for ideal step edges. We also presented
numerical experiments in real and synthetic images to
show its performance.
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