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SettingofProblem

Supposethattherearearbitrarilyscatteredsamplepointspij=(xij,yij,zi)on
asmoothsurfaceΣinR

3
,wherei=1,2···,M,j=1,2,···,Ni.Denotethe

setofallsamplepointsbyPandallsamplepointswithlevelz=ziasPi,
i=1,2,···,M,whereweassumez1<z2<···<zM.WecalleachsetPiasa
crosssectionoraslice.Further,thesetofallprojectionsofpijontoxyplane
iscalledacontouranddenoteitP̃i.

Theproblemtosolvecanthenbesummarizedasthefollowingquestions.
ForgiventhesetP=⋃M

i=1Piofsamplepoints,

•howcanwereconstructapiecewiseinterpolatingcurvefromtheset
Piofsamplepointswithonlygeometricknowledgeofthepointspij=
(xij,yij,zj)?;

•howcanweconnectthepij’sandpi+1k’swithstraightlinesinsucha
wayastoformatriangularfacet(orcalledanelementarytile)surface
spanningtwonestedcrosssectionsPiandPi+1?Thisquestioniscalled
atilingproblem.
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Moreconcisely,wesetuptheproblemtosolvefollowing:Acontoursegment
isalinearapproximationofthecurveconnectingconsecutivepointsinasingle
crosssection.Anelementarytile(ortriangularpatches)isatriangularface
composedofasinglecontoursegmentandtwospansconnectingtheend-
pointsofacontoursegmentwithacommonpointontheadjacentcontour.
Thespanswillbedesignatedas“left”and“right”forobviousreasons.

Pi+1

Pi

Contoursegment

Elementarytile

LeftspanRightspan

Thentheproblemofreconstructinga3Dsurfacefromasetofsamplepoints
onaseriesofparallelplanarcross-sectionsistofindasetofelementarytiles
whichdefinesasurfacesatisfyingtwoconstraints:
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(C1)Eachcontoursegmentwillappearinexactlyoneelementarytile.

(C2)Ifaspanappearsastheleft(right)spanofsometileintheset,itwill
appearastheright(left)spanexactlyoneothertileintheset.

Asetoftileswhichsatisfythesetwoconditionsiscalledanacceptablesurface.

Asdescribedintheintroduction,themainfocusofthispaperistoutilize
thenaturalpointsorderingmethodreviewedinsubsequentsubsectionand
introduceanaturalheuristicmethodforsolvingthedescribedproblemabove.
Therefore,weconsideronlythesimplecasethatthesetPofsamplepoints
satisfiesthefollowingrestrictions:

•SamplepointsoneachsetPibelongtoasimpleclosedsmoothspace
curve.

•EachcrosssectionPiconsistsofonlyonecontour.Thatis,thereareno
branchingproblem.

•TheinteriorofP̃i+1isperfectlyincludedinthatofP̃iforeachi,where
theinteriorofP̃i+1meanstheinteriorsetofthepiecewisepolygoncon-
structedbyconnectingtheorderedpointsofthesetP̃i+1.
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NaturalPointorderingmethod

Naturaldistance.ForgiventwopointspandqinR
2

whicharealready
orderedinthedirection−→pq,thenaturaldistanceisananswertothequestion:
foreachrwhichisontheoppositesideofp,centeredaroundthelineper-
pendicularto−→pqcontainingq,howcanweconstructadistancebetweentwo
pointsqandrwhichreflectsthe‘smoothness’ofthepiecewiselineararcp̂qr
andthe‘closeness’betweenqandrsimultaneously?Inordertogivearea-
sonableanswer,weconsideredasmallobjectmovingfromqinthedirection
of−→pqwithconstantvelocity1andsimultaneouslydiffusingrandomlyonthe
linewhichisperpendicularto−→pq.Atraceofsuchobjectcorrespondstoa
graphofsamplepathofBrownianmotionstartingfromqwhenwethinkof
−→pqasadirectionalvectoroftimeaxis.Theauthorthendefinedthenatural
distancef(r)fromqtorfordirectionalvector−→pqas

f(r)=t(r)+K
s(r)

√
t(r)

,(1)

where

t(r)=|−→qr|cosθ,s(r)=|−→qr|sinθ.
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Here,θ(−
π
2<θ<

π
2)isthesignedanglebetween−→pqand−→qrdefinedby

cosθ=
−→pq·−→qr
|−→pq||−→qr|

R(p,q)

pq
L(r,p,q)

r=(t(r),s(r))

θ

t(r)

s(r)

•

Thenthefirstfactort(r)wasconstruedasthediffusiontimeofthesmall
objectfromqtorfordirectionalvector−→pqandcallitthetimedistance,while

thesecondfactor
s(r)

√
t(r)

asthetransitiondensitymeasuringhowsmoothly

movesthesmallobjectfromqtor,andtheprobabilitythatthesmallob-
jectmovesfromqtorwithreachingtimet(r),andcallitthestandardized
probabilitydistance.Foradetailedillustration,onereferstomypaper.We
callKthesubjectiveweight,sinceitrepresentshowmuchweightisgivento
thesecondfactor.Thatis,thelargerthesubjectiveweightKis,themore
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sensitivethanthenaturaldistanceitistothemagnitudeofthechangeof

theprobabilitydistance
s(·)

√
t(·)

thanthatofthetimedistancet(·).

Naturalpointsorderingmethod.

Usingthenaturaldistancedescribedabove,wedevelopedamethodtosolve
thecurvereconstructionprobleminR

2
socalledthenaturalpointsordering

method.Itprovidesanalgorithmtousforconsecutivemyopicchoicesof
samplepointsinanaturalway.Infact,itisdesignedtochoosethepoints
wherethenaturaldistancefromthestartingpoint(chosenonestepbefore)
isminimized.

6



Anaturalheuristicmethod

Todescribetheheuristicmethodweuse,supposewearegivensamplepoints
distributedontwoconsecutivecrosssectionsP1andP2asinsection1and
thesesetarewell-ordered.Sincebothcross-sectionsareclosed,wemay
thinkofthepointspijasbeingextendedperiodically;i.e.p1N1+j=p1j,
j=1,2···,N1andp2N2+j=p2j,j=1,2,···,N2.Weassumethatthe
cross-sectionP2liesinsidesofP1andthecross-sectionsPi,i=1,2,have
counterclockwiseorientation.Foreachindexj,letcjbethemidpointofp1j

andp1j+1andc̃jbetheendpointsoftheunitoutwardnormalvectortothe
cross-sectionP1withstartingpointcj.Thenthesepointscjandc̃jaregiven
by

cj=(p1j+p1j+1)/2,c̃j=(y1j+1−y1j,x1j−x1j+1,0)+cj,j=1,2,···,N1.

p1j

p1j+1 cj

c̃j
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Forthesimplicityofthenotations,weletTijbethe(i+j)thtriangularfacet.
ThenifthetriangleTijhastwoverticesinP1,sayp1l,p1l+1,consecutively,
andonevertexinP2,sayp2m,(itcallsatriangleofTypeI),theniandj
meani=l−1andj=m,whileifTijhastwoverticesinP2,sayp2l,p2l+1,
consecutively,andonevertexinP1,sayp1m,(itcallsatriangleofTypeII),
theni=m−1andj=l.Further,letTklbethelthvertexofthetriangle
Tijwithk=i+j.Asdescribedinthefollowing,wewilldirectlyconstruct
thetrianglesofTypeIIfromnestedtwotrianglesofTypeIwithoutany
computation.

Wearenowreadytointroduceouralgorithm.

Initialstep.ToconstructfirsttriangularfacetT01,startwithT11=p11and

T12=p12.Then,byconsideringthedirectionvector
−−→
c̃1c1,choosethethird

vertexT13ofT01inthesetP2satisfying

T13=argmin
r∈P2

f(r),

wheref(·)isthenaturaldistancedefinedin(1).

OncethevertexT13ischosen,thenwereordertheorderedsetP2starting
withT13andweletT13=p21=p21

1.
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Middlesteps.Assumethatp2j
1,2≤j≤N1havealreadybeenchosen

withthefollowinglaw,wherep2j
1∈P2and1=1

1
≤2

1
≤···≤j

1
,andlet

Cj+1=P2\{p21
1,p22

1,···,p2(j−1)
1}.Wechoosethepointp2(j+1)

1intheset
Cj+1satisfying

p2(j+1)
1=argmin

r∈Cj+1

f(r),

whereweassumethattheinitialdirectionvectoris
−−−−−→
c̃j+1cj+1.

Finalstep.AssumethatT01,T11,···,T1m1,···,Tln,···,Tlnl,···,Tk−2j,2≤k≤
N1,j≥1,j=(k−1)

1
,havealreadybeenconstructed,whereTk−2jis

atriangleofTypeI.ThenthreeverticesofTk−2jarep1k−1,p1k,p2j.Now
lete=k

1
.Ife=j,weconstructthenexttriangleasTk−1ewithvertices

Tk−1+e1=p1k,Tk−1+e2=p1k+1andTk−1+e3=p2e.Whene>j,firstconstruct
trianglesofTypeII,Tk−1j,Tk−1j+1,···,Tk−1e−1andthenconstructatriangle
ofTypeI,Tk−1e(seeFigure??).

Finally,weconsiderthefinaltrianglefacetTN1−1e.Ife=N2+1,then
stoptheprocess,whileifnot,weaddfurthertrianglefacetsofTypeII,
TN1e,TN1,e+1,···,TN1N2.
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j=(k−1)
1

···

e=k
1
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SimulationResults
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