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/Cardianl Exponential Splines I

Lz = HN (D — apI): differential operator (& = (ag, -+ ,an))

n=1

d(t): Dirac function
j=v-1

Definition. An exponential spline with parameter « is a function
s(t) such that

La{s(t)} =) alklé(t — k).

pa(t): Green function of Lg < Lg{pa(t)} = 6(t)

\Remark. P& (1) = pay * % pay (1)




/Example of Exponential Spline I

pa(t) =14 (t)e* = F — pa(w) = 5

Jw—ao
ak k>0

pa(k) =4 © 2 = Py(2) =
0, k < 0.
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xample of Exponential Spline (Cont’d)
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— F 1 = Ba(t) = pa(t)—€*-pa(t—1)

B Reproduction formula

oo

pa(t)

k=0

N

Z akﬁa Pk

Zpa 604 t—k
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Exponential B-splines I

® Ba(t) = (Bay * - * Bay) (1)

~

o Na{f(t)} = ij:o dz|k|f(t — k) where dz|k] is characterized by

its z-transform

Nag(z) = [Ty (1 — ezl
o Ba(t) = Lafpa(t)} = Yoo dalklpa(t — k)

A A& ejw
° 60_2(10) — L@»<(jw)>

e Properties
— Piecewise exponential

— Compact support [0, N]

\ — Smoothness CN—2




Reproduction Formula I

pa(t) =Y palklBa(t — k) (= pay %+ * pay (1))

keZ

with

Pa() = 85') = [] =

n=1

Theorem

{B5(t — k)}rez is a Riesz basis for Vg = {f : cardinal e-spline}NL?
iftf o, — a,, # j27k, k € 7Z for all pair of distinct, purely imaginary

roots.

N
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B-spline property I

® Bay * B (t) = 6(0711072)@)
o 6a(t) = (II)_, e ) Ba(—t + N)

— Example
B(O,a,—a) (t + tO) — ﬁ(o,a,_a)(_t + t()) with to = 3/2




Interpolation I

e Given discrete signal z|k]
choose spline s(t) = ) .., clk|Ba(t — k

) s.
o Let by(k) = Bx(k) and Bg(z) = Sor_, ba(k)z 7.
Since x|k| = (bg * ¢)|k], X (2) = Bz(2)C(2).

Thus C(z) = B&l(Z)X(z)

x|k] — Ba(2)

Recursive IIR filter




-

N

Convolution '

e Input

51() = D pez 1k Ba, (t = k), s2(t) = 2 gz c2lk|Ba, (t = F)

e DB-spline convolution property

Bay * Bay () = Bay:a,) (t)

e Convolution

(s1%82)(t) = D pezlcr * ca)[k|Ba, a,)(t — k)




Differentiation .

B B-spline differentials
L&, {B(a:a)(t)} = Da,{Pa, (1)}

k
— C[k]AOél {50_22 (t o k)}
=) (cxdg,)[k]Ba,(t — k)
sl — g — Bai(2) — By (9
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