DEGREE ELEVATION OF NURBS CURVES BY
WEIGHTED BLOSSOM

BYUNG-GOOK LEE AND YUNBEOM PARK

ABSTRACT. An algorithmic approach to degree elevation of NURBS
curves is presented. The new algorithms are based on the weighted
blossoming process and its matrix representation. The elevation
method is introduced that consists of the following steps: (a) de-
compose the NURBS curve into piecewise rational Bézier curves,
(b) degree elevate each rational Bézier piece, and (c) compose the
piecewise rational Bézier curves into NURBS curve.

1. INTRODUCTION

NURBS(Non-uniform rational B-splines) are parametric objects at
the form of a fraction, with polynomial B-splines in nominator and de-
nominator. The nominator and denominator are of the same degree,
and defined on the same knot vector. The denominator is always a
B-spline in R' and we will restrict it futher by saying that all its ver-
tices are positive. It is convenient to introduce rational B-splines by
a projective mapping from a space of polynomial B-spline of higher
dimension.

Let R® = {(2,y,w) € R® : w > 0}. We construct P?, the projective
space of dimension 2, by identifying all points in R* on the same line
through the origin. This is also called a space of homogeneous coordi-
nates. For each element P? with w # 0 we may choose a representative
al the form (x,y,1). We will not be concerned with the other elements
of P2, the points of infinity.

The connection between R3 and P? is described by the mapping

Yy
=.1).
w’)

¢ RY — P? where ¢(z,y,w) = (%,
Further, we have the natural projection
7 : P? = R? where 7(z,y,1) = (2,9),
and the composition of these gives the mapping

U=rod: R — R where U(z,y,w) = (=, 2).
w

gl=
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The mapping is clearly not one-to-one. We observe that the inverse
image of a point is a line and the inverse image of a curve is the cone
of the curve.

Let B(u) = >y BiN;,(u) be a p-th degree B-spline curve, where
the {B;} are the control points in R*, and the {N;,(u)} are the p-th
degree B-spline basis functions defined on the non-uniform knot vector

U={a,a,...,0,Up11,Upt2, - Um—p_1,0,b,...,0}.
p+1 p+1
Ifall B; are in R? , then clearly B(u) is in R? , and the mapping ¥(B(u))
is well defined. We may write the B;’s at the form (z;w;, y;w;, w;). We

define a p-th degree two dimensional rational B-spline curve as the
image under ¥ of a polynomial B-spline curve in R? :

_ Zzzn() Niap(u)wi]Di, a S U S b
D im0 Nip(w)wi
where the P, = U(B;) = (z;, y;)-

C(u)

2. DEFINITION OF THE WEIGHTED BLOSSOM

Let G(u) be a polynomial curve of degree p or less. The weighted
blossom Beg(uy,us, .. .,u, : w) of the polynomial G(u) is the unique
multivariate polynomial with the following properties:

1. multiaffine : for all indices ¢ and all real number ¢

Ba(ut, .. yuim1,cu+ (1 —c)v, thit1, .., up : cwr + (1 — c)ws)
CWw1
=-— B i—1, U, Uj PRI :
cor + (1= O G (Ui, Ui, Uy Uig1 Up 1 W1)
(1 —c)w2

mBG(Ul,. ey Ui—1,Vy Uiy ooy Up © U)Q)

2. symmetry : for any permutation 7 of {1,2,...,p}

Ba(ui,u2,. .. up : w) = Ba(Un(1), Un(2)s - -+ s Un(p) : W)

3. diagonal : Bg reduces to G when evaluated on its diagonal : i.e.
G(u) = Ba(u,u, ..., u: w)

4. dual functional : any control vertex

P; = Ba(Uit1, Wit2, ..., Uitp : w) with weight w

Let us consider first the de Casteljau algorithm to subdivide rational
Bézier curves. By the dual functional property the control vertices P,
for the rational Bézier representation of the curve are given in terms of
the blossom by P, = Bg(0,...,0,1,...,1 : w;) where 0 appears as an
argument n — ¢ times and 1 appears ¢ times.
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(0,0,0:1) (1,1,1:1)

FIGURE 1. Subdivision of the cubic rational Bézier curve
with a = 0.5, (wo =1, wy =1, wy = 3, w3 = 1).

For the sake of simplicity, consider the cubic case. We begin with the
control vertices Bz(0,0,0 : wy), Be(0,0,1 : wy), Bg(0,1,1 : ws), and
Bg(1,1,1 : w3). From these we wish to get new control vertices repre-
senting the curve over segments|0, a] and [a, 1], respectively, as rational
Bézier curves. The new control vertices are Bg(0,0,0), Bz (0,0,a),
B;(0,a,a), Bg(a,a,a), Bg(a,a,1), Bg(a,1,1), and Bg(1,1,1). The
question is now how to find all the new control vertices from the old
control vertices. The multiaffine property provide us to derive new

blossom values from old ones. For example, consider finding the value
Bg(0,0,a : w). Note

Bg(0,0,a : w) = Ba(0,0,(1 —a)0+al: (1 —a)wo + aws)

1—a)w
= —(1 _( a)w0)+0awl B(;(O, 0,0: wo) +

aw
mBG(O,O,l Cwr)
expressing one of the new control vertices in terms of two old control
vertices.

In the figure 1, to conserve space the points are labelled using only
the blossom arguments. The parameter a(=.5) subdivides the inter-
val [0,1] into two subintervals; similarly, the point 5"(.5) subdivid-
eds the curve segment 0"(0), (1) into two subsegments. Hence,
we can conclude directly that : the rational Bézier curve segment
b™(0), b™(.5) has the control polygon B;(0,0,0), B;(0,0,.5), Bs(0,.5,.5),
Bg(.5,.5,.5), with weights 1, 1, 3/2, 7/4, and the rational Bézier curve
segment b"(.5), b"(1) has the control polygon Bg(.5,.5,.5), Bg(.5,.5,1),
Bg(.5,1,1), Bg(1,1,1), with weights 7/4, 2, 2, 1.

As a second example, consider the de Boor algorithm for evaluating
a NURBS curve at value a € [u;,u;41). The input to the algorithm,
expressed in terms of blossom, is the control vertices Bg(u;_o, u;_1,u; :
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(0,1,3:1)

(1,3,3:1)

(0,0,0:1) (3,3,3:1)

FIGURE 2. Applying the de Boor algorithm to a cubic
NURBS curve.

wy), Ba (i1, Ui, Wity : wa), Ba (Ui, Uig1, Uiye © w3), and B (Ui, Uito, Uiys :
w,) governing the segment of the curve over [u;, u;41). The output will

be the point Bg(a,a,a : w) on the curve. We can get from the original
control vertices to the point on the curve by a set of affine combinations

as shown in the figure 2. For example, consider finding Bg(u; 1, u;, a :

w) from Bg(u; 9, u; 1,u; : wy), and Beg(u; 1, U, Uiyq : ws).

Ba(ui—1,ui,a : w) = Ba(ui—1, ui, cui—2 + (1 — ¢)uit1 : cwi + (1 — c)ws)
(1 —c)w2

cwi + (1 — c)ws

CW1
= —BG(Ui—LUi—l,Ui : ’wl) +

Ba(ui—1,ui, Uiy1 : w:
cwi + (1 — c)ws & (Wit i, Uit : w2)

where ¢ = —a#t =@
Uit1 — Ui—2

The curve in the example is over the knot vector (0,0,0,0,1,3,3, 3, 3)
with weights 1,3,1,1,1, and is evaluated at a = 1.

As a third example, consider the knot insertion algorithm. It is very
convenient in curve design when it is necessary to apply fine shape
control. Suppose that we insert a new knot 2 in the knot vector in the
figure 3. The curve is over the knot vector (0,0,0,0,1,3,3,3,3) with
weights 1,3,1,1,1, and is evaluated at a = 2. From these we can get
new control vertices Bg(0,0,0 : vg), Bg(0,0,1 : v1), Bg(0,1,2 : vy),
Bg(1,2,3 : v3), Ba(2,3,3 : vy4) , and Bg(3,3,3 : vs) over the knot
vector (0,0,0,0,1,2,3,3,3,3)

B:(0,0,0: vo)= Bz (0,0,0: 1) = =woBc(0,0,0: 1)
Bz(0,0,1: v1)= Bg(0,0,1:3) = ﬁwlBg(0,0,l :3)
Bc(0,1,2: v2)= Bg(0,1,50 + 33 : 33+ 31)= = (3w1Bc(0,0,1: 3) + Jw2Ba(0,1,3 : 1))
Bc(1,2,3:v3)= Ba(1,50 + 33,3 : 51+ 31)= o-(3w2Bc(0,1,3 : 1) + FwsBa(1,3,3 : 1))
Bc(2,3,3:v4)= Ba(51+ 33,3,3: 51+ 51)= ;- (3w3Ba(1,3,3 : 1) + 3waBa(3,3,3 : 1))
Ba(3,3,3 : v5)= Ba(3,3,3: 1) = -wiBc(3,3,3: 1)
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(0,1,3:1)

(0,1,2:5/3) o

(0,0,1:3)

(2,2,2:10/9)e

(0,0,0:1) (3,3,3:1)

FIGURE 3. Applying the de Boor algorithm to a cubic
NURBS curve.

The knot insertion algorithm in the figure 3 is expressed in a matrix
form as

V= X"W, Q= X"P

where
o 1 0 0 0 0 y
vy 0 1 0 0 0 wo
| e 0 1/3 2/3 0 0 _ !
V=1 w o o 13 253 o |'W= ZQ :

V4 0 0 0 1/2 1/2 3

Vs 0 0 o0 o0 1 wa
Q = (Bc(0,0,0), B¢(0,0,1), Ba(0,1,2), Ba(1,2,3), Ba(2,3,3), Ba(3,3,3))
P = (Bc(0,0,0), BG(O 0,1), Ba(0,1,3), Bs(1,3,3), Ba(3,3,3))",
XP = diag(1/V)X"diag(W),

1/110 wo

1/111 w1
diag(1/V) = ) ,and diag(W) =
1/1)5 W4

Curve decomposition is normally done via knot insertion. Con-
sider the cubic NURBS curve in the figure 2. Here, the rational
Bézier segments are extracted by inserting knot 1 two times. From
these we can get first rational Bézier piece Bg(0,0,0), Bg(0,0,1),
Bg(0,1,1), Bg(1,1,1) with weights 1,3,7/3,17/9, and second ratio-
nal Bézier piece Bg(1,1,1), Bs(1,1,3), Bg(1,3,3), Bg(3,3,3) with
weights 17/9,1,1, 1.
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Now, we consider the knot removable algorithm. It is the reverse
process of inserting a knot. While knot insertion is a precise proce-
dure, i.e. the knot-inserted curve is precisely the same as the original
one, knot removal, in general, procedures an approximation of the orig-
inal curve. Clearly, after a knot inserted, it can be removed precisely.
Consider the curve shown in the figure 4. The knot u = 1 is removable
two times since the curve is C%-continuous at u = 1.

(0,1,2:1)

(0,1,1:2

(0,0,1:3)
(1,2,2:1)

(0,0,0:1) (2,2,2:1)

FIiGURE 4. A cubic NURBS curve over the knot vector
(0,0,0,0,1,1,1,2,2,2,2) with weights 1,3,2,3/2,1,1,1,
C?-continous at u = 1

The knot removable algorithm in the figure 4 is expressed in a linear

equation as
V=X"W, Q=XPP

where
vo 1 0 0 0 0
v1 0 1 0 0 0 wWo
vo 0 1/2 1/2 0 0 w
V=] v |, x"=]| 0 174 12 174 0 | \w=| w |,

V4 0 0 1/2 1/2 0 ws
vs 0 0 0 1 0 wy
Vg 0 0 0 0 1

Q = (BG(07070)7BG(07071) BG(Oa 17 1)7BG(17 171)7BG(17 172)7BG(17272)7BG(27272))t7

P = (B¢(0,0,0), B&(0,0,1), Ba(0, 1,2),BG(1,2,2),BG(2,2,2))t, and

X? = diag(1/V)X"diag(W).

Then, because X has full column rank and (X%)* X" is non-singular,
GY = [(X¥)!X¥]71(X™)! is a left inverse of the matrix X*. Therefore
the consistent equations V' = XYW and () = XPP have the unique
solution

W =G"V and P = diag(1/W)G"diag(V)Q.
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3. DEGREE ELEVATION

Since a NURBS curve is a piecewise polynomial curve, it must be
possible to evaulate its degree from p to p+r. That is, there must exist
control points P, a knot vector U, and a weight vector W such that

C(u) =C(u) = iz Nimw(u)@fi

Z?:O Ni,p+7-(u
The curve C(u) and C(u) are the same geometrically and paramet-
rically. The computing of n,P, U, and W is referred to as degree

elevation. The knot vector U and 7 can easily be computed as follows.
Assume that U has the form

U:{g,a,...,a,ul,...,uL,...,ys,...,uﬁ,b,b,...,b}
~~ S——

p+1 mi ms p+1

where the end knots a and b are repeated with multiplicity p 4+ 1 and
the interior knots u; are repeated with multiplicity m;. Since the curve
C'(u) is CP~™ —continuous at the knot of multiplicity m;, C' must have
the same continuity. Consequently, the new vector must take the form

U:{g,a,...,@yl,...,ulj,...,ys,...,ug,b,b...,b}
~~ ~\~ ~\~ S——
p+r+1 my+r ms+r p+r+1

which gives 7 =n + (s + 1)r.
We provide a procedural method that can be summarized as follows:

(1) Decompose the NURBS curve into piecewise rational Bézier
curves.

(2) Degree elevate each rational Bézier piece.

(3) Make the NURBS curve from the piecewise rational Bézier seg-
ment.

Curve Decomposition : Curve decomposition is normally done via,
knot insertion is very convenient in curve design when is necessary to
apply fine sharp control. In the case of a NURBS curve a new knot can
be inserted to increase the number of curve defining vectors and the
number of curve segments. Consider the cubic NURBS curve in the
figure 5. The knot 1 is inserted two times bring the total multiplicity
to 3.

The Decomposition algorithm in the figure 5 is expressed in a matrix
form as

V=MW, Q=MP
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(0,1,3:1)

o (1,1,3:5/3)

(0,0,1:1)
(1,3,3:3)

(0,0,0:1) (3,3,3:1)

FIGURE 5. a cubic NURBS curve over the knot vector
(0,0,0,0,1,3,3,3,3) with weights 1,1,1,3,1 to be degree el-
evated. Decomposed the NURBS curve into piecewise
rational Bézier curves.

where
vo 1 0 0 0 0
U1 0 1 0 0 0 wo
vo 0 2/3 1/3 0 0 wy
V=l v [, Mr=|0 4/9 49 179 0 |, Ww=]| w |,

va 0 0 2/3 1/3 0 ws
Vs 0 0 0 1 0 W4
Ve 0 O 0 0 1

Q = (BG(07070)7BG(07071)7BG(07 17 1)7BG(17 171)7BG(17 173)7BG(17373)7BG(37373))t7

P = (BG(0,0,0),BG(0,0, 1)7BG(07 1,3),BG(1,3,3),BG(3,3,3))t, and

P _

MY = diag(1/V) M diag(W).

Next we give detailed pseudocode to compute the decomposition
matrix Mj. It uses a local array V of size s to store the sth knot
interior values and another one M of size s to store the multiplicity of
the ith interior knots.

Make _DecompositionMatrix (U, m, p)

// Input: Knots vector U = (a,a, ..., 0, Upi1, ..., Un—p1,b,0,...,D),
// number of knots m + 1 and degree p

// Output: (ps+p+1) x (n+ 1) matrix MY

(* In case of Bezier curve *)
if (m =2p + 1) exit;

(* initialize some variables *)
s=1Lt=1L1l=p,n=m—p-—1,;
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(* initialize MY matrix *)
for (i =0 ton by 1)
for (j =0tonby1)
if (1 = j) My[ilj] = 1; else My[1][j] = 0

(* compute knot multiplicity *)

Vis] = Ulp+ 1J; M[s] = 1.

for i=p+2tonbyl)
if (V[s] = Uli]) M[s] = M]s] + 1;
else s=s+1; V[s] = Uli]; M[s] = 1;
endif

endfor

(* make MY matrix *)
for (i =1to s by 1)
[ =1+ M[il;
for (j = M[i] top—1by 1)
KnotsInsertion (U, [, V[i], n, n + t, p);
for (k=m+ttol+1by —1) Ulk]| = Ulk — 1];
Ull=V]il;l=14+1t=t+1,
endfor
endfor

KnotsInsertion(U, [, v, n, k, p)
// Input: Knots vector U, new knot v(u; < v < u41),
// number of control points n + 1 and degree p

for (i=0l—p+1tol—1byl)
a = (v —URE])/(Ui + p] = Ulal);
for (j =0ton by 1)
Tl = (1 = a)My[i = 1][5] + a My [[j];
endfor
endfor
for (i =k tol by —1)
for (j =0 ton by 1) My[il[j] = My'[i — 1][7];
for (i=0l—p+1tol—1byl)
for (j =0 to n by 1) My[1][j] = T[i][5];

Degree Elevation of rational Bézier Curves: The degree eleva-
tion of rational Bézier curves is well understood and well documented.
As a first step, to raising the degree of the rational Bézier curve by one.
We can show that weights of new control points are obtained from the
old weights by piecewise linear interpolation at the parameter values
j/(n+1). We may repeat this process and obtain a sequence of control
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points. After r degree elevation, we have a linear system
U=T,V, R=1T}.0Q,
where the (n +7r + 1) x (n + 1) matrix T}, = {t; ;} has elements

() ()

b 1=0,1
itgi — (ZL:;)’ 7=0,1,...,r

and
17, = diag(1/U)T, diag(V).

Rational Bézier curves are known to be a special polynomial type of
NURBS curve with the knot vector given by n knots at 0 and n knots
at 1. By the dual functional property the control vertices @); for the ra-
tional Bézier representation of the curve are given in terms of blossom
by @Q; = Bs(0,0,...,0,1,1,...,1) where 0 appears as an argument n — i
times and 1 appears ¢ times. For the sake of simplicity, consider the
cubic case. We begin with the control vertices from the blossom rep-
resentations Bg(0,0,0), Bs(0,0,1), B(0,1,1), and Bg(1,1,1). From
these we wish to raise the degree of the rational Bézier curve by two.
We can represent the new rational Bézier curve as having a knot vector
with n 4 2 knots at 0 and another n+ 2 at 1. as shown in the figure 6.

Ro_ B¢(0,0,0,0,0: 1) = %voBg(0,0,0)

= Bg(0,0,0,0,1: 2 x 142 x1) = +-(3vBc(0,0,0) + $v1Bc(0,0,1))

= B¢(0,0,0,1,1: & x 1+— x 1+1—0 x 1) = 3=(75v0Bc(0,0,0) + $v1Bc(0,0,1) + 15
Rg_ Bg(0,0,1,1,1: 35 x 1+ 2 x 1+ 45 x )= 3=(75v1Bc(0,0,1) + 2v2Bc(0,1,1) + 15
R4_ Ba(0,1,1,1,1: £ x 1 +§ x 4 = ﬁ( vaBg(0,1,1) + 1}3Bg(1 1,1))

=Be(1,1,1,1,1: ) = -usBa(1,1,1)

(0,1,1,1,1:49/4
(0,0,1,1,1:46/45

(0,0,0,1,

1,1,3:67/45)
1,1,1,3,3:91/45)
,1,3,3,3:12/5)

(1,3,3,3,3:11/5)
(0,0,0,0,1:1)

(0,0,0,0,0:1) (3,3,3,3,3:1)

FIGURE 6. Degree elevated each rational Bézier piece.
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The degree elevation algorithm in the figure 6 is expressed in a matrix
form as

U=DM"V, R=MQ

where
uo 1 0 0 0 0 0 0
w1 2/5 3/5 0 0 0 0 0
us 1/10 3/5 3/10 0 0 0 0 vo
us 0 3/10 3/5 1/10 0 0 0 v
wa o 0 35 2/5 0 0 0 v2
U= Uus , MY = 0 0 0 1 0 0 0 V= v3 ,
ue o 0 0 2/5 35 0 0 va
ur 0O 0 0 1/10 3/5 3/10 0 vs
us o 0 0 0 3/10 3/5 1/10 v6
uo o 0 0 0 0 35 25
%10 0 0 0 0 0 0 1
R = (BG(070707 070)7BG(070707 07 1)7BG(070707 17 1)7BG(0707 17 17 1)7BG(07 17 17 17 1)7
Bs(1,1,1,1,1),B¢(1,1,1,1,3),Bs(1,1,1, 3,3),Ba(1,1,3,3,3),Ba(1, 3, 3,3,3), Ba(3, 3, 3,3,3))t,
Q = (BG(07070)7BG(07 07 1)7BG(07 17 1)7 BG(17 17 1)7BG(17 173)7 BG(17 373)7BG(37373))t7
and

M? = diag(1/U)MY diag(V').
The following algorithm compute degree elevation MY matrix.

Make_ElevationMatrix(p, r, s)
// Input: Degree p and elevation degree r
// Output: (ps+p+rs+r+1)x (ps+p+ 1) matrix MY

div =1;
for (i =1 tor by 1) div = div x (p + i);

M[0] = 1;
for (i=0topby 1)
for (j =1 to r by 1) M[j] = Mj] + Mj — 1}
for (j =0tor by 1)
left =1,
for (k=1to jbyl)left=Ileftx (r—k+1);
right = 1;
for (k=1tor — jby 1) right = right x (p — i+ k);
T[i + j)[i] = left x M[j] x right/div;
endfor
endfor

M¢[0][0] = TT[0][0;
for (i =0to s by 1)
for (j=1top+rbyl)
for (k=0 to p by 1) MX[j + (p + r)i][(k + p)i] = T[4][K];
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Curve Composition: Curve composition is the inverse of decompo-
sition. In the figure 7, it can be expressed in a linear equation as

U=MW, R=M"P

where
up 1 0 0 O 0 0 0 0 O
U1 01 0 O 0 0 0 0 O wWo
U2 0 0 1 0 0 0 0 0 O w1
us3 0 0 0 1 0 0 0 0 O w2
ua 000 23 1/3 0 00 0 @3
U=| us | ,Mi=]| 0 0 0 4/9 4/9 1/9 0 0 0 |, w=| @ |,
us 000 0 2/3 1/30 0 0 s
wr 0 0 0 O 0 1 0 0 0 wWe
ug 0 0 0 O 0 0 1 0 0 wr
Ug 0 0 0 O 0 0 0 1 0 wg
u10 0 0 0 O 0 0 0 0 1
0 )JBG((])O?O? ) )7 G(070717 ) )JBG(()? y Ly Ly )7
BG(17 ) 717 )BG(17 7171 )7 G(171737
P= (B«(0,0,0,0,0), B&(0,0,0,0,1), B&(0,0,0,1,1), B&(0,0,1,1,1), B5(0,1,1, 1, 3),
Bs(1,1,1,3,3), BG(l,1,3,3,3),BG(1,3,3,3,3),30(3,3,3,3,3)) , and
M3, = diag(1/U) M diag(V).

Then, because MY has full column rank and (M¥)'M¥ is non-
singular, M = [(M%)'ME]"1(M%)" is a left inverse of the matrix M.
Therefore the consistent equations U = M “’W and R = M}, P have a
unique solution ,

W = M*U and P = MPR

where M? = diag(1/W)M¥diag(U).

(0,0,1,1,1:46/45

1,1,1,3,3:91/45
(070’071’ / )

,1,3,3,3:12/5)

(1,3,3,3,3:11/5)
(0,0,0,0,1:1)

(0,0,0,0,0:1) (3,3,3,3,3:1)

FiGUurRe 7. Composed the NURBS curve over the knot
vector ( 0,0,0,0,0,0,1,1,1,3,3,3,3,3,3) from the
piecewise rational Bézier segment.
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We will write down the algorithm for the degree elevation of a NURBS
curve in a shorthand notation.

1.

Make_DecompositionMatrix(knots, m, p) : MY
knots= {a,a,...,a,uy, ..., uy,... Us, ..., us, b b, ... b}

—~ N N

p+1 mi ms p+1

. Make_ElevationMatrix(p, r, s) : MY

. Make_DecompositionMatrix(knots, m+(s+2)r, p+r) : M}p
knots= {a,a,...,a,uy, ..., uy,... Us, ..., us b b, ... b}

p+r+1 mi+r ms+r p+r+1

My = [(Mp)" Mp]~H (Mp)’

Then, B B
W = MYW and P = MPP
where
MY = MY MY MY and MP = diag(1/W)M®diag(W).
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