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Abstract

This course presents an introduction to CAGD—Computer-Aided Geometric
Design. The mathematical tools required to create well-behaved curves and
surfaces are covered, together with efficient algorithms for their implementation.
Topics covered include basis functions, Bézier curves, B-splines, and surface
patches.
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Topic 1: Introduction to CAGD

In this topic, you will:
Learn what CAGD is about.
Learn some of the history of CAGD.
See some typical applications of CAGD tools.

What CAGD is All About

Computer-Aided Geometric Design is a new field that initially developed to
bring the advantages of computers to industries such as:

Automotive
Aerospace
Shipbuilding

CAGD expanded rapidly and now pervades many areas, from pharmaceutical
design to animation. We are surrounded by products that are first visualized
on a computer. These products are modified and refined entirely within the
computer; when the product enters production, the tools and dies are
produced directly from the geometry stored in the computer. This process is
known as virtual prototyping.

(c) 1995 Autodesk, Inc. This image was provided courtesy of Autodesk, Inc.



Computer visualizations of new products reduce the design cycle by easing
the process of design modification and tool production.

CAGD is based on the creation of curves and surfaces, and is accurately
described as curve and surface modeling. Using CAGD tools with elaborate
user interfaces, designers create and refine their ideas to produce complex
results. They combine large numbers of curve and surface segments to realize
their ideas. However, the individual segments they use are relatively simple,
and it is at this level that the study of CAGD is concentrated.

A Design Challenge: The Need for CAGD
When creating products and artwork, designers face tasks such as this:
You are given two points in a plane and two directions associated with the

points. Find the curve that passes through the points that is tangent to the given
directions:

This is a simple task for anyone with a pencil and paper who is familiar with
parametric forms, the types of curves used in CAGD.

CAGD produces tools are meant to be:

Intuitive

Simple to use

Sometimes the mathematics underlying the tools becomes quite sophisticated,
yet the result is meant to be easily understood and geometrically intuitive.
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The technical person often benefits from these intuitive and visually related tools
when considering deeper mathematical problems. The geometry of CAGD is
very amenable to visual demonstration.

CAGD: From Points to Teapots

There is a natural progression of the geometry behind CAGD. With small
incremental steps it is possible to describe complex objects in terms of simple
primitives, such as points and lines.

Control Points: The Start of CAGD

Take four points in a plane and connecting them to form a polygon. The points
are known as Control Points1, and the polygon as the Control Polygon 2. The
control points and polygon determine the approximate shape of the curve to be
formed.

1 Control points are points in two or more dimensions which define the behavior
of the resulting curve.

2 The control polygon is formed by connecting the control points in the correct
order. The control polygon provides a crude analogy of the refined curve. Note
that the control polygon is typically open (the ends are not coincident), and it
may self-intersect arbitrarily.

13



A CAGD Favaorite: The Bézier Curve

A special curve known as the Bézier Curve 3 may be generated by the control
points. Note that while the curve passes through the end points, it only comes
close to the other points.

Three-Dimensional Control Polygons for Surfaces (Control Meshes)

Bézier curves behave just as well in three dimensions as in two. This figure
shows the control polygons for a three-dimensional object consisting of Bézier
patches4.

3 The Bézier curve, named after the French researcher Pierre Bézier, is a
simple and useful CAGD curve. It is a very well behaved curve with useful
properties, as you will discover in Topic 3, The Bézier Curve.

4 A Bézier patch is a three-dimensional extension of a Bézier curve. It is formed
by extruding a Bézier curve through space to form a surface.

14
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When the Bézier curves are created and connected in three dimensions, a
wireframe model of the object is produced.

Three-Dimensional Shaded Object

If the surface produced by the three-dimensional Bézier patches is illuminated
and shaded, an object with a realistic appearance results. The Utah teapot, on
display at the Boston Museum of Computer History, is a classic in CAGD and
computer graphics.




The History of CAGD

Computer Aided Geometric Design has mathematical roots that stretch back to
Euclid and Descartes. Its practical application began with automated
machinery to compute, draft, and manufacture objects with freeform surfaces.
Production pressures in the aircraft industry during World War Il stimulated
many new devices to enhance and accelerate design and manufacturing. For
example, in 1944 Liming designed fuselage spars with a "super-elliptic"
method that could be implemented with an electro-mechanical calculator.

Shipbuilders also became interested in CAGD early on. One example of their
motivation may sound whimsical but was a serious impediment to ship design.
The only place large enough to draw full scale plans for a ship was in the loft
of the shipbuilders dry-dock. The huge drawings would warp and shrink in the
moist air, causing very real manufacturing problems.

Computers provided the greatest stimulus because of their power to enable
new ideas. In 1963, Ferguson developed one of the first surface patch systems
by which individual curvilinear patches are joined smoothly to create the
surface "quilt." He also introduced the notion of parametrically defined

surfaces which has become the standard because it provides freedom from an
arbitrarily fixed coordinate system. Vertical tangent vectors can be defined by
differentiation, for instance, which is not possible in explicit Cartesian form.

In the mid 1960's automotive companies became involved in CAGD, as a way
to drive milling machines. Car bodies were designed by artists using clay
models. Painstaking measurements produced data that could drive numerically
controlled milling machines to produce stamp molds. The initial use of CAGD
was to represent the data as a smooth surface for numerical control. It soon
became apparent that the surfaces could be used for the design.

In 1971, Pierre Bézier reformulated Ferguson's ideas so that a draftsman
without any extensive mathematical training could design a surface. Bezier's
system, UNISURF, was used by Renault and became a milestone in the
development of CAGD. It epitomized the difference between surface fitting and
surface design. The purpose of design was to provide the draftsman, who had
strong intuition about shape but limited mathematical training, computer tools
that empowered him or her to use the sophisticated mathematics of surface
representation.

In the meantime, the mathematical underpinnings of CAGD continued to
advance. de Casteljau examined triangular patches and developed evaluation
techniques. Coons [Coons64] unified much of the previous work into a general
scheme which became the basis of the early modeler PDGS made by Ford. At
General Motors in 1974, Gordon and Riesenfeld exploited the properties of B-
spline curves and surfaces for design.

Driven primarily by the automotive, shipbuilding and aerospace industries,
both the mathematics of CAGD and the designer interface tools continued to

16



improve through the 1970's. The first CAGD conference was organized by
Barnhill and Riesenfeld in 1974, where the term "CAGD" was first used
[Barnhill74].

In the 1980's, the power and versatility of computer-aided designing seemed
suddenly to be discovered by anyone who had a freeform geometric surface
application. Industrial designers were smitten with the power of computer
design, and many commercial modelers become the basis of several
substantial applications, including: CATIA, EUCLID, STRIM, ANVIL, and
GEOMOD. Geoscience used CAGD methods to represent seismic horizons;
computer graphics designers modeled their objects with surfaces, as did
molecule designers for pharmaceuticals. Architects discovered them, word
processing and drafting programs based their interface protocols on freeform
curves (PostScript®), and even moviemakers discovered the power of
animating with such surfaces, beginning with TRON, continuing through
Jurassic Parké, and beyond.

What has Been Accomplished in this Topic

The ideas and principles behind CAGD have been introduced, together with the
classic example of surface patch use, the Utah teapot. The short but significant
history of CAGD has been summarized.

> PostScript is a proprietary page-description language used by typesetters to
define elements of printed text, including letter outlines, text layout, and
graphical images.

6 Jurassic Park made extensive use of CAGD and computer graphics to
visualize animated objects.
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Topic 2: Preliminary Mathematics

In this topic, you will learn:
The basic math needed for the rest of the book.

An overview of parametric forms: a convenient way of describing curves
and surfaces.

An illustration of linear interpolation, one of the most fundamental
concepts in CAGD.

The idea of continuity, to ensure that curves and surfaces join together
smoothly.

The Mathematics of CAGD

CAGD treats points, lines, and surfaces as mathematical objects, described
geometrically in two- or three-dimensional space.

This book develops the mathematics in a step-by-step fashion, and does not
demand a rigorous mathematical background. It is recommended that the
reader be familiar with the following topics:

Geometry of points, lines, and planes.
Equations in parametric form.

Basic calculus.

19



Parametric Forms

CAGD relies on parametric forms to describe curves and surfaces. Many
students of CAGD do not initially appreciate the subtlety and importance of
this form. If you are confident with parametric forms then you may skip this

section.

The Parametric Curve

Typically, when a student takes mathematics, a curve is presented as a
graph of a function f(x).

y =1(x)
A

\

Graph of the set
of points (X, y)

N .
\

As x is varied, y = f(x) is computed by the function f, and the pair of
coordinates (x, y) sweeps out the curve. This is called the explicitform of the

curve.
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From a design standpoint the explicit form is deficient in several ways:
Single-Valued

y = f(x)
A The circle has two
values along this line

| A

The curve is single-valued along any line parallel to the y axis. For example,
only parts of the circle may be defined explicitly.

Infinite Slope

y = f(x)
A The circle has two
points with infinite slope

An explicit curve cannot have infinite slope; the derivative f' (x) is not defined
parallel to the y axis. Hence there are two points on the circle that cannot be
defined.

Transformation Problems

Any transformation, such as rotation or shear, may cause an explicit curve to
violate the two points above.



The parametric form of a curve is not subject to these limitations. Moreover, it
provides a method, known as parameterization 1, that defines motion on the
curve. Motion on the curve refers to the way that the point (x, y) traces out
the curve.

Defining the Parametric Curve
A parametric curve that lies in a plane is defined by two functions, x(t) and
y(t), which use the independent parameter t. x(t) and y(t) are coordinate
functions, since their values represent the coordinates of points on the curve.
As t varies, the coordinates (x(t), y(t)) sweep out the curve. As an example
consider the two functions:

X(t) = sin(t), y(t) = cos(t). (2.2)
As t varies from zero to 2p, a circle is swept out by (x(t), y(t)).

The Parametric Circle: t = 0.16 (approximately 57 degr ees)

.. CAGD Tutorial =] x]
EXIT 9 | (i ) ‘ The Parametric Circle /\
Animate

=(f) = gin(t)
¥
1
T Adjustt ] *

—= yif) = cosit)

1 Parameterization uses an independent parameter or variable to compute
points on the curve. It gives the "motion" of a point on the curve.
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CAGD deals primarily with polynomial 2 or rational functions 3, not
trigonometric functions as shown in the examples above. For example, the
circle can also be given by allowing t to vary from -infinity to +infinity in the
following functions:

(-t (2.2)

Oy O gy

As an exercise, verify for yourself that the functions in equation 2.2 do
indeed generate a circle. Plot points (x(t), y(t)) or write a program to do this
for you.

Both equation 2.1 and equation 2.2 yield circles, so how do they differ? It is
the parameterization. The motion of the point (x(t), y(t)) is different, even if
the paths (the circles) are the same.

A good physical model for parametric curves is that of a moving particle 4.
The parameter t represents time. At any time t the position of the particle is
(x(1), y()). Two paths (curves) may be identical even though the motion
(parameterization) is different.

Parametric curves are not constrained to be single-valued along any line
(recall the single-valued deficiency of the explicit form), and the slope of a
parametric curve segment may be defined vertically. The slope is given by
the tangent line at any point, computed by finding the derivative vector (x'(t),
y'(t)) at any point t. This vector determines the speed at which the point
traces out the curve as t changes.

Curves defined by points whose speed may drop to zero do cause problems
that will be considered later under the discussion of continuity.

2 A polynomial is a function of the form:
p(t) =a, +at+a,t’ +...+a_t", where the a, are scalars or vectors.

3 A rational function is made by dividing one polynomial by another, for
example:

1- 2t+3t3 +t*
r(t) = 1 or .

A rational function may contain vector coefficients only within the numerator.

4 As the parameter t changes, the coordinate point (x(t), y(t)) traces the curve.
This point can be thought of as a particle that moves under the influence of
changes in the value of the parameter t.



Consider the parametric curve given by these two coordinate functions:

x(t) = 6t- 9t* +4t°,

(2.3)
y(t)=4t> - 32

Bézier tangent demonstration
. . CAGD Tutorial = O] |

EXIT 9 | (i ) ‘ Parametric Curves /\

Tangent

I Adiustt |
=]
[

015

The illustration above demonstrates the following for this parametric curve,
as t varies between 0 and 1:

The parameter t moves the point (x(t), y(t)) along the path of the curve.

The point's speed varies as t varies. The speed is higher at the ends of
the curve.

The derivative vector changes in length, reflecting the variation in the
speed of the point.

In the demonstration, the curve crosses itself, which can easily happen
with parametric curves.

A convenient notation for equation 2.3 is:
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&) 66, 29 , @0 4
f(t)= +=c ~t+ —t“+c =t 2.4
© gY(t)g &p &35 &4z 24)
Equations 2.3 and 2.4 are the same. We simply save on notation by writing
the basis functions® only once, which are then multiplied by the appropriate
vectors. When a vector is multiplied by a scalar, each coordinate in the
vector is individually multiplied by the scalar.

In general, a parametric polynomial is written as:

f(t)=a, +a,t+a,t* +... at". (2.5)
where f(t) is a vector-valued function, and the a's are vectors. The vectors
are not restricted to two dimensions. The a's might be vectors of three
dimensions, for instance. In this case the function f(t) would have three
coordinate functions x(t), y(t), and z(t). The curve would be a curve in space,
and the derivative f'(t) would be given by the vector of the derivative
coordinate functions (X'(t), y'(t), z'(t)).

The general case described by equation 2.5 includes a constant term ( ay),
which the example given by equations 2.3 and 2.4 does not have.

5 Here, the basis functions are 1, t, t, and t3.

The coefficient for the basis function "1" is gg
[}
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The Parametric Surface

As with curves, it is typical for the reader to have encountered surfaces
explicitly as z = f(x, y). Often called elevation surfaces or terrain, the height z
is given at a point on the plane by computing f(X, y). Such a surface definition
shares the same flaws mentioned previously for curves:

They must be single-valued for any point on the plane.
They cannot have vertical tangent planes.
Transformations may cause the above two difficulties.
The parametric form of the surface corrects these problems. In order to

define a parametric surface, it is best to first define a parametric curve, and
then sweep the curve through space to define the surface.

Consider a planar curve given by:

x(t)=2- 2t,
(2.6)
yB)=2t- 2¢%
Or in vector form,
&) 20 220 00 5 2.7)

S S0 §25 &25

The curve given by x(t) and y(t) looks like this:

y
A X)) =2- 2t2
y(t) = 2t-2t
(x(), y(1))
0.5 -
0 —> X
0 2

Here, the parameter t is limited to the range O to 1.

The curve becomes a surface in three dimensions if another parameter s and
another coordinate function z are added. Consider, for instance:

26



x(st)=2- 2t,
y(s.t)=2t- 27, (2.8)
z(s,t)=s.
When s = 1, the curve defined by equation 2.5 is produced on the plane
z = 1. As this curve changes in s it sweeps out a surface. A parametric

surface may be thought of as a bundle of parametric curves; by fixing s or t
on a surface, one single curve from this bundle is selected.

A

N

In this figure, the planar curve is extruded through the z dimension to
become a surface. When s = 0.8, the curve is produced as t varies between
0 and 1.

In equation 2.8, x(s,t) and y(s,t) have no terms in s, and z(s,t) has no term in
t. The terms are limited to simplify the example, but this is not typical. In
general the surface may be written as the parametric polynomial:

83((5, t)g
f(s,t) = éy(s, t):
z(s,t)o

=a,, +a,,S+a,t+a,st+a, s’ +a,t’ +a, s°t...

(2.9)

Bold letters indicate vector quantities. The indices of the a-vectors
correspond to the parametric powers.
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Continuity

The notion of continuity © was developed for explicit functions to describe
when a curve does not break or tear. If it meets these conditions, it is
described as Cy. C, continuity is defined by the popular description: "A curve
is continuous if it can be drawn without lifting the pencil from the paper."

If the derivative curve is also continuous, then the curve is first-order
differentiable and is said to be C ; continuous. Extending this idea, it is said
that a curve is Cy differentiable if the kth derivative curve is continuous.

Practically, this means that a C; continuous curve will not kink. Higher
degrees of continuity imply a smoother curve.

Q/\/\ A C o Curve

A C 1Curve

Two curves are shown here, one that is C, and one that is C,. The Cq curve
has a kink, while the C; curve is generally smooth.

The traditional notion of C ; continuity does not, in fact, ensure much about
the curve's properties. Imagine, for instance, a particle that travels in a
straight line but has distinct jumps in velocity. It is not C 4, but the curve is
certainly smooth. Conversely, it is possible to have a C ; curve with a kink in
it. This can occur when the velocity of the particle goes to zero where it
changes direction and starts up again. This is illustrated in the following
figure:

6 Continuity implies a notion of smoothness, that is, curves which are not
jagged or which break. Commercial applications of CAGD, for example car
body design, frequently require that curves and surfaces are continuous.

28



Mathematicians have developed the concept of a manifold as a new way of
describing continuity. In CAGD there is a simpler concept to achieve the
same end. It is the idea of geometric continuity 7. If a curve is Cy, itis Gy
continuous. If a curve's tangent direction changes continuously then itis G ;
continuous. Its magnitude may jump discontinuously but the curve is still G ;.
Hence a particle traveling at erratically changing speeds may still trace out a
smooth curve if its direction changes smoothly. This is illustrated in the
following figure:

Sudden change
in tangent length

/

If a C; curve has kinks because its derivative goes to zero at a point, then
this curve will not be G 4, since the tangent direction changes discontinuously
at the kink. Hence the notion of geometric continuity provides a useful way to
understand the smoothness of a curve or surface.

7 Geometric continuity introduces a notation that immediately tells the designer
whether or not the curve is smooth.



Linear Interpolation

Given two points in space, a line can be defined that passes through them
both in parametric form:

I(t)= (- t)bg +thy, (2.11)

where b = gog and b, = glg, the two points in space.
09 19

Thus I(t) is a point somewhere in space, depending on the parameter t.
Linear interpolation between two points: t = 0.125.

The screen captured from the interactive demonstration displays only two
places after the decimal point.

~ CAGD Tutorial ==l E3
EXIT 9 | (i | ‘ Linear Interpolation /\
Anirnate .
Point =0.88* b0 +0.12* b1
b0

Linear interpolation is perhaps the most fundamental concept. All
subsequent curves and surfaces are defined by repeated linear interpolation
in some form.

Other forms of linear interpolation are possible. For example,
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which also gives a straight line through the two points. Note that:
1(0) =b, and 1(10) = b,
This is the same straight line (a linear combination of the two points), but it

has a different parameterization. That is, the motion of a particle at tis
different. In most cases it is preferable to startatt =0Oandend att = 1.

What has Been Accomplished in this Topic

The background to parameterized curves and surfaces has been covered in
considerable detail. The hodograph visualized the behavior of the derivative of
a curve, and clarified the concept of the motion of a point on the curve.

Continuity was introduced to manage the boundaries between multiple curves
or surfaces, and extended to include geometric continuity. Finally, linear
interpolation was considered as a prerequisite for Bézier curves and
blossoming.
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Topic 3

The Bézier Curve
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Topic 3: The Bézier Curve

In this topic, you will learn:
What a Bézier curve is.
The properties and behavior of the Bézier curve.
How to create a Bézier curve.
The de Casteljau algorithm for evaluati on of a Bézier curve.
Subdivision and differentiation of the Bézier curve.

Introduction to the Bézier Curve

The Bézier curve is a good place to start a study of CAGD. It underpins other
concepts such as B-splines and surface patches. It is visually engaging and
exhibits many desirable properties for design.

The cubic Bézier curve:

~ CAGD Tutorial ==l E3
EXIT 9 | (i ) ‘ The Cubic Bezier Curve /\
Animate b0 b3
b0
b1 b2

33



Mathematical Properties of the Bézier Curve

Consider the parabola that passes through (0,1) and (1,0) and is tangent to the x
and y axes at these points:

A

0,1

1,0

The parametric form of a parabola looks like:
f(t)=at® +bt+c, (3.1)

where a, b, and c are vector coefficients. f(t) is a vector function which has two
components, i.e. f(t) = (x(t), y(t)). The above parabola can be written as

anO

f(t) 8—t +8O 80ﬂ (3.2)

This can be rewritten as:
00 00,
f(t) = 80 (1 t)’ 8052t(1 t)+815t . (3.3)

The reformation process is shown below 1.

1 This parabola is defined parametrically by:
y(t)=t?
and:
x(t)=1- 2t+t% = (1- t)’.
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This is exactly the same curve as equation 3.2, so what advantage is there in
rewriting? The advantage lies in the geometrical meaning of the coefficients:
(1,0), (0,0), and (0,1). These are called control points. Together, the control
points form the control polygon.

Observe:

The curve passes through the endpoints of the control polygon.

The curve is cotangent to the control polygon at these endpoints.
The curve in this form is called the Bézier curve, and the observations hold in
general for any coefficients. This means that if the coefficients are changed, the
curve changes in an easy-to-understand way.

The quadratic Bézier curve:

.. CAGD Tutorial =] x]
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In vector form, it may be expressed as:
ax(t)o_ado, . a8 280,
f(t)= +=c +(1-t =2t(1- t)+¢c =t°.
) gy(t)z 8021( ) " &op 9 &1
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The general form for a quadratic Bézier curve is:
f()=bo (- tf +by2t(L- t)+b, t2. (3.4)

This is a parabola exactly as equation 3.1 but it is rewritten so that the control
points

bo, b1, and b, have geometrical significance as the control points of the
parabola.

Bézier Curves of General Degree

The general form of a Bézier curve of degree n is:

i)=& biBP (1) 35)

i=0

where b; are vector coefficients, the now-familiar control points, and:
amo [
BI'(t) = ¢.:t @ o™ (3.6)
7}

aBo . N - , :
€5 is the binomial coefficient; B (t) are called the Bernstein functions.
[
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Binomial Coefficients

The binomial coefficients, commonly derived from Pascal's triangle, may be
computed:

n!

280 _
&ig (- iy G9

for i, an integer = 0.

amo a0
Note that ¢ ~+=1 and, in particular, ¢ ~=1.
&0z P &

Bernstein Functions

The Bernstein functions were originally devised by Bernstein to prove the

famous Weierstrass Theorem over 150 years ago. They are formally given by:

Bi”(t):ﬁ_!i)!(l- ), (3.8)

They have many useful properties for curve generation.
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The cubic Bernstein basis functions:

.. CAGD Tutorial =] x]
EXIT 9 | (i ‘ Degree 3 Bernstein Basis /\
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Use the left mouse button to drag the partition of unity line in the interval 0, 1

An important characteristic of the Bernstein functions is the partition of unity.
This simply means that the sum of the functions is always one, for all values of t:

é’r{ B'(t)=1

i=0

(3.9)

The collection of Bernstein functions fori =0, 1, ... nis the Bernstein Basis.

The Bernstein Basis is a key to understanding Bézier curves. Many of the

important properties that make Bézier curves useful in design derive from these
basis functions.
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Characteristics of the Bézier Curve

Bézier curves have a number of characteristics which define their behavior.

Endpoint Interpolation

The Bézier curve interpolates the first and last points by and b,. In terms of
the interpolation parameter t: f(0) = bp and (1) = b,. This property derives
from the Bernstein functions, since at the the endpoints the Bernstein
functions are zero except:

Atb,, B} =1 atb,, B} =1

. . CAGD Tutorial = o]
EXIT 9 (i | ‘ Bezier Properties: End Point Interpolation /\
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Animate
b0 b3
b0
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Tangent Conditions

The Bézier curve is tangent to the first and last segments of the control
polygon, at the first and last control points. In fact:

f40)= (b, - b,)nand f{1)= (b, - b,,)n,

where n is a constant.
- CAGD Tutorial
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Convex Hull

The Bézier curve is contained in the convex hull 2 of its control points for

O£tel.

. CAGD Tutorial ===
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2 The convex hull of a control polygon is the minimal convex enclosure of the
control polygon.
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Affine Invariance

The Bézier curve is affinely invariant with respect to its control points. This
means that any linear transformation (such as rotation or scaling) or
translation of the control points defines a new curve which is just the
transformation or translation of the original curve.

. CAGD Tutorial = O] |
EXIT 9 (i ‘ Bezier Properties: Affine Invariance /\
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Variation Diminishing

The Bézier curve is variation diminishing. It does not wiggle 3 any more than
its control polygon; it may wiggle less. In this figure, notice that the straight
line intersects the convex hull three times and also intersects the Bézier
curve three times.

.. CAGD Tutorial

= O] |
EXIT 9 (i ‘ Bezier Properties: Variation Diminishing /\
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Animate bl

b3
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3 By "wiggle," we mean the way in which a curve or surface changes direction.

This is more precisely expressed as a change in sign of the curvature of the
curve or surface.
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Linear Precision

The Bézier curve has linear precision: If all the control points form a straight
line, the curve also forms a line. This follows from the convex hull property;
as the convex hull becomes a line, so does the curve.

.. CAGD Tutorial
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The de Casteljau Algorithm

Evaluation of the Bézier curve function at a given value t produces a point f(t).
As t varies from 0 to 1, the point f(t) traces out the curve segment. One way to
evaluate equation 3.5 is by direct substitution, that is, by applying the value of t
to the formula and computing the result.

This is probably the worst method of evaluating a point on the curve! Numerical
instability, caused by raising small values to high powers, generates errors.

There are several better methods available for evaluating the Bézier curve. One
such method is the de Casteljau algorithm. This method not only provides a
general, relatively fast, and robust algorithm, but it gives insight into the behavior
of Bézier curves and leads to several important operations on the curves, such
as:

Computing Derivatives

The derivative of the curve gives the tangent vector at a point.

Subdividing the Curve

It is sometimes necessary to take a single Bézier curve and produce two
separate curve segments that together are identical to the original. To
accomplish this, it is necessary to find two sets of control points for the two
new curves.

The de Casteljau algorithm can be regarded as repeated linear interpolation.
As described in the section on linear interpolation in Topic 2, Preliminary
Mathematics, it is possible to interpolate between two points bo and b1 with the
equation:

f(t)=bg (- t)+byt. (3.10)

If t = 0.5 then f(t) is the midpoint of the line between the endpoints.
Equation 3.10 is just a Bézier curve of degree n = 1.
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A demonstration of de Casteljau’s algorithm:
.. CAGD Tutonal

o1 2] e
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Subdivision of a Bézier Curve

One of the most important operations on a curve is that of subdividing it. The de
Casteljau algorithm not only evaluates a point on the curve, it also subdivides a
curve into two parts as a bonus. The control points of the two new curves appear

along the sides of the systolic array. The new curves match the original in

position, although they differ in parameterization.

Uses of Subdivision

Design Refinement

Subdivision permits existing designs to be refined and modified. For

example, additional curves may be incorporated into an object. This is

accomplished by adding more control points for local control.

Clipping a Curve to a Boundary

One method of intersecting a Bézier curve with a line is to recursively

subdivide the curve, testing for intersections of the curve's control polygons
with the line. Curve segments not intersecting the line are discarded. This

process is continued until a sufficiently fine intersection is attained.

A cubic Bézier curve before subdivision:
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A cubic Bézier curve after subdivision:
- CAGD Tutorial

o1 2] e
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Higher Degree Bézier Curves

Bézier curves of any degree may be created. Degree 2 curves (quadratic
curves) are the lowest degree useful. Many commercial applications and
drawing packages use degree 3 Bézier curves (cubic curves) as a drawing
primitive.

A degree 8 Bézier curve:
~ CAGD Tutorial ==l E3
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The Derivative of the Bézier Curve

It is a straightforward exercise in algebra to differentiate the Bézier function and
then to formulate the derivative in Bézier form. The derivative of a Bézier curve
of degree n is:

f€)=n& b..- b,)BI() (3.12)

There is one less term in the derivative than in the original function. Also, the
degree of the Bernstein polynomials is one less. The control points for the
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derivative curve are successive differences of the original curve's control points,
having the form:

bi.1 - bj.
Consider the derivatives at the endpoints of the Bézier curve:
f40)=n(b,- b,) and f€0)=n(b, - b, ,) (3.13)
where n is a constant.
The tangent endpoint property is derived from these two derivatives. It may be
seen that the derivatives (the tangents) at the endpoints are n times the first and

last legs of the control polygon.

The hodograph of the Bézier curve is easy to construct in Bézier form. Itis a
Bézier curve with control points given by:

Db, =b

i i+1

-b,i=01...n-1 (3.14)

The hodograph of the Bézier curve with its control polygon shown:
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As before, the hodograph is created by plotting a series of tangent vectors of

the original Bézier curve:

.. CAGD Tutorial
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Hodograph Curve
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Continuity of the Bézier Curve

Earlier discussions on continuity focused on the differences between C1 and G1
continuity. The following figure shows a curve that is C1 but not G1; a particle
tracing out the path of the curve would undergo a sudden reversal of direction at
the kink, so the curve is not G1. However, its hodograph is smooth, which makes
the curve C1.

Dby

)

\4

Db,

)

Bezier Curve Hodograph Curve

Notice how the derivative goes to zero at the kink of the curve. This permits a
smooth hodograph, without a smooth curve. Clearly, the superior measure of
smoothness provided by geometric continuity is desirable.

What has Been Accomplished in this Topic

The Bézier curve has been covered in depth, with discussions of the properties
of the curve. de Casteljau's algorithm generates the curve using iterated linear
interpolation, providing a fast and stable way of creating Bézier curves.
Subdivision, degree elevation, and differentiation of the Bézier curve completed
the topic.
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Blossom Basics

The basic principle of blossoming arises from linear interpolation 1. Recall that
b(0) and b(1) are points on the line segmentatt =0 and t = 1. Any point on the
line is given by b(a). The distance from b(0) to b(a) is proportional to %20 - a %2
Similarly, the distance from b(a) to b(1) is proportional to %21 - a %2 It is very
useful to think of a as a measure of how far a point travels from b(0) to b(a).
For example, if a = 0.5, then b(a) is halfway between b(a) and b(1).

Notation

To further emphasize this relationship between a and b(0)-b(1), the functional
notation is dropped and simply written b(0) =0, b(1)=1,and b(a) =a. ais
spoken of loosely as the affine distance 2 from 0 to a.

Essentially, a point is designated by its parameter value a and the endpoints of
the segment on which it lies, with the understanding that the point is obtained
by linear interpolation along the line.

This is shown in the following figure, which clarifies the new nomenclature.

1 Given two points in space, a line in parametric form can be defined that
passes through them:

I(t)= (- t)bg +thy,

where by = 202 and b, = &2, the two points in space.
0 gyOﬂ ! gylﬂ

Thus I(t) is a point somewhere on the line between the two points, depending
on the parameter t.

2 The affine distance of a point a to a point b on a line bc is the ratio of the
distances:

b3l
loe|
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I(E)) I(a) I(l;

is the same as:

Next an important extension is made to the notation in order to describe two
lines that share a point. This is done by adding an additional digit as shown in
the figures below. First, add the digits to the two individual lines. The first line
is identified with a leading 0, it goes from 00 to 01. The second line has a
leading 1, going from 10 to 11.

01 10

11

00

Next, bring the lines together so that they share an endpoint:

Note here (this is most important, even though it seems obvious) that point 01
and point 10 are identical.
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When there was a single line, the point a was on the line from 0 to 1. In the
two-line figure, if the point Oa is on the line from 00 to 01, then where is the
point 1a? Clearly, on the new line:

Point Ordering is Not Significant

The next generalization comes from noticing that the order of the digits is not
important: Oa or a0 can be used to identify uniquely the point on the first line.
Therefore the digits may be in any order:

01° 10,
a0 ° Oa,
ale la.

Now consider a new line from Oa to 1a. Where is aa? It is the affine distance a
between the line's endpoints, Oa and 1a. This is shown in the following figure:

Furthermore it should be clear that aa, by its construction, is a point on a
quadratic Bézier curve with control points 00, 01, and 11. This follows from
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understanding de Casteljau's algorithm, which is base d on repeated linear
interpolation. The Bézier curve is shown in the following figure:

To add another control point, add another digit:

001 011

@

OdO 111

Here a convention is adopted of ordering the digits from smallest to largest.

For example, Oalis preferred to 1a0, solong as 0 £ a £ 1. Sometimes commas
are used to separate the digits, if required for clarity. The point 0,.5,1 is not

0.5 1.
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