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ABSTRACT. An algorithmic approach to degree elevation of rational Bézier curves is presented.
The algorithm is based on the matrix representations of the degree elevation processes.

1. INTRODUCTION

The Bézier curves are basically and widely used in CAGD — short for Computer Aided
Geometric Design. The Bézier curves were independently developed by P. de Casteljau about
1959[2] and by P. Bézier about 1962[1]. The underlying mathematical theory is based on
the concept of Bernstein polynomials. De Casteljau directly exploited this relationship; but
it was not before 1970 that R. Forrest[7] discovered the connection between Bézier’s work
and Bernstein polynomials. Bézier and de Casteljau developed their theories as part of CAD
systems that were being built up at two French car companies, Rénault and Citroén. The
Rénault system UNISURF (by Bézier) was soon described in several publications; this is the
reason that the underlying theory now bears Bézier’s name.

Bézier curves and surfaces are now established as the mathematical basis of many CAD
systems, they have also become a major tool for the development of new methods for curve
and surface descriptions. Farin[6] summarize the basic theory of such curves and provide many
relevant references.

The nonrational Bézier representation uses Bernstein polynomials as basis functions for the
linear space of polynomials. In terms of the Bernstein polynomials of degree n,

B0 = () -0r i o<t <t k=0 ()
a parametric polynomial curve of degree n (n > 0) in the plane, can be expressed as
b (t) = Z b B (t), by € R?. (2)
k=0

The points by, k = 0,--- ,n are called the control points for the polynomial, and the polygon
formed by joining successive control points is the control polygon.

The fundamental idea of the rational Bézier algorithms is to evaluate and manipulate the
curves and surfaces by a small number of control points and weights.

A rational Bézier curve is defined by

b (t) _ EZ:O wkbkb;l? (t) :
Ekzo kak: (t)

where wy are weights of the Bézier points b;. Clearly (3) is a genuine generation of (1): we
obtain the nonrational case by setting all w; = 1.
This paper describes matrix representation for rational Bézier curves, and the geometric

principe behind the algorithm is used to develop other algorithms for these curves.
1

0<t<1 (3)



2 BYUNG-GOOK LEE, KWAN-PYO KO, AND YUNBEOM PARK

2. DEGREE ELEVATION

Suppose we were designing with Bézier curves trying to use a Bézier curve of degree n. After
modifying the polygon a few times, it may turn out that a degree n curve does not possess
sufficient flexibility to model the desired shape. One way to proceed in such situation is to
increase the flexibility of the polygon by adding another vertex to it.

In general degree elevation of nonrational Bézier curves address the following problem.

PROBLEM 1 (Degree Elevation). Let {b;}?_, C R? be a given set of control points which define
the rational Bézier curve of degree n

n b B (t

bn(t) _ Ekgo Wy, ank( )
>h—o Wk BE(2)

n+r

where wy, are weights of the Bézier points by. Then find another points set {b,(:)} v and weights

0<t<1,

{w,(:) »10 defining the rational Bézier curve of higher degree n+r so that the shape of the curve
unchanged.

As a first step, to raising the degree of the rational Bézier curve by one. Let us denote the

control vertices of the degree elevated curve by b,gl) ; they are given by

(1) _ QWr1bp 1 + (1 — o )wiby

b k=01,....n+1 4
b apwi—1 + (1 — o) wy, (4)

and a; = k/(n +1). The weights w(" of the new control vertices are given by
w,(cl) = w1+ (1 — ap)we, k=0,1,... ,n+ 1. (5)
An equivalent form of (4) is
w,(cl)bg) = apwg_ 10k 1 + (1 — ay)wiby (6)
We can rewrite the formular (5) and (6) as a linear system
ww =T1,Ww

and
w® e BY =T,(W o B)
, where the (n 4 2) * (n + 1)matrix T, =

n+1 0 0 0 0 0
1 n 0 0 0 0
0 2 n—1 0 0 0
1
n+1
0 0 0 ... n—1 2 0
0 0 0 0 n 1
0 0 0 0 0 n+1

, the (n 4 1)—vector W = (wq, w1, ... ,wy,)", B = (by,b1,...,b,)" , the (n+ 2)—vector W) =
({w(()l), wgl)}i. . ,w,(zlll)t, B =", bV, ... ,bfjjl)t, and © is the Hadamard product : A® B =
ai,j S bi,j .
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We may repeat this process and obtain a sequence of controls points. After r degree eleva-
tions, we have a linear system

w =1, W (7)

and

weB" =T,,(Wo B) (8)
where the (n + 7+ 1) % (n + 1) matrix

jhﬂ'::]%+r—17h+r—2---]%+1]%
has elements
n\ (r
_(2)(]) 1=0,1,...,n
' j 1,...

e )

The sum of any row and any column of the matrix 7,,, are 1 and %_ﬁl respectively, i.e. for
any 17,
n
tiy =1,
=0
and for any 7,
i n+r+1
Doty =———
n+1

1=0

3. Ly DISTANCE

For the degree reduction of any given curves, we must compute a distance of two Bézier
curves. The most appropriate metric in geometrical terms would be the Hausdorff distance[3].
Suppose (M, d) is a metric space with subsets A and B. We define the Hausdorff metric dy by

d4(A, B) = max {supd(x, B). supd(y, A)} ,

€A yeB

where

d(z, B) = inf d(z,y)

If we regard a planar curve as simply a locus of points without any underlying parameterization,
the Hausdorff metric for two such curves is essentially the radius of the largest circle with its
center on one curve and touching the other curve. For general parametric curves, this measure is
truly independent of the relative parameterizations of two curves. Emery[4] presents a method
for explicit computation of Hausdorff metric for piecewise linear curves, but the computation
of Hausdorff distance dg of two nonlinear curves is not so easy.

So we define and use the L, distance for the rational Bézier curves. If two sets {ax}}_,
and {bg}7_, with weights {v;}7_, and {wg}}_, represent the control polygons of two different
rational Bézier curves of degree n, denoted by a™ and 0™. Then we have,
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dus(a 1) = [l - 0Pt

_ + Ly
= ngr;oNZIIa b ()
n+r

Z la{” — b2

1 n+r

— ") _ 5™ia — ™
Jim o e =0T a” - b7

. 1
= lim
r—00 n+ r

= lim
r—00 n+ r

[A(’") — B(r)]t[A(r) — B(’")]

D!D  where D = A — B

= lim
r—00 N, + r
For some large r, it is sufficient from now on to investigate the Euclidian distance with respect
to the control points.
Equation (8) can be written in the following form

B") =[T,,(W e B)| o [T,,W]

where @ is the Hadamard division : A @ B = {a; ;/b; ;}.

D=A" - B" =T, (VoA o[T,,V] - [T.,Wo B) o [T,,W

4. CONCLUSIONS

A method for obtaing matrix representation of rational Bézier curves has been presented in
this paper. Explicit matrix forms for degree elevation and L, distance are given. The matrix
evaluations are found to be much faster than recursive evaluations.
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