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Abstract

In this paper we show that the best constrained degree reduction of a given Bézief cfidegree from: to m
with C*~1-continuity at the boundary ih2-norm is equivalent to the best weighted Euclidean approximation of the
vector of Bernstein—Bézier (BB) coefficients fffrom the vector of degree raised BB coefficients of polynomials
of degreen with C*~1-continuity at the boundary.
0 2003 Elsevier B.V. All rights reserved.

Keywords:Constrained degree reduction; Legendre; Bernstein; Bézier curves; Weights

1. Introduction

Degree reduction of Bézier curves is an important problem in CAGD (Computer Aided Geometric
Design) or CAD/CAM. In general, degree reduction cannot be done exactly so that it invokes
approximation problems. Thus many efforts and proposals for dealing with the problems have been made
in the recent twenty years or so. They are classified by different norm in which the distance between
polynomials is measured, e.g.,in,-norm (Eck, 1993; Lachance, 1988; Watkins and Worsey, 1988), in
L,-norm (Lee and Park, 1997; Lee et al., 2002; Lutterkort et al., 1999; Peters and Reif, 2006, in
norm (Kim and Moon, 1997) or ik ,-norm (Brunnett et al., 1996; Kim et al., 1996), etc. Furthermore, if
the error is larger than prespecified tolerance, then subdivision schemes are needed and the best degree-
reduced Bézier curves are not continuous at the subdivision points. In many cases of actual CAD/CAM
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systems, it is required that the curves and surfaces are continuous ofxardér(Farin, 1996). Thus

the constrained degree reduction of Bézier curves with*-continuity at both end points has been
developed in many previous literature (Bogaki et al., 1995; Eck, 1995; Kim and Ahn, 2000; Lachance,
1991).

Recently, Yong et al. (2001) presented an algorithm for degree reduction of B-spline using constrained
optimization method without subdivision of B-spline into Bézier pieces. Chen and Wang (2002) gave the
best multiple degree reduction of Bézier curve with constraints of endpoints continuig/iiorm at a
time avoiding stepwise computing. Ahn (2003) also presented a good degree reduction of Bézier curve
with constraints of endpoints continuity in,,-norm.

In particular, Lutterkort et. al (1999) proved that the orthogonal complement of a subspace in the
polynomial space of degreewith respect to the.,-inner product and the Euclidean inner product of
BB coefficients are equal. Using this fact they also showed that the best degree reduction of polynomial
f of degreen in L,-norm is equivalent to the best approximation of the vector of BB coefficienys of
from all vector of BB coefficients of degree elevated polynomials of degree lesa timahe Euclidean
norm of the vector. We follow their results in the case of constrained degree reduction. We first show
that the orthogonal complement of a subspace in the constrained polynomial space ofrdedftee
respect toL,-inner product and the weighted Euclidean inner product of BB coefficients are equal for
some weights. The weights appear in the representation of the constrained Legendre polynomials in
BB coefficients. Using the fact we also show that the best constrained degree reducfiai dégree
n with C*~1-continuity at boundary irL,-norm is equivalent to the best approximation of the vector
of coefficients from all vectors of coefficients of degree elevated polynomials @ith-continuity at
boundary in weighted Euclidean norm of vectors.

The outline of this paper is as follows. In Section 2, we explain the constrained Legendre polynomials,
and their representation in BB form using weights. In Section 3, we show that the orthogonal complement
of a subspace in the constrained polynomial space of degvéth respect taL,-inner product and the
weighted Euclidean inner product of BB coefficients are equal. In Section 4, we present a property of the
best constrained degree reduction of Bézier curves using the weights. In Section 5, our results are also
valid in the case of the best asymmetric constrained degree reduction. In Section 6, our assertions are
illustrated.

2. Constrained L egendre polynomials

In this section we explain the best constrained degree reduction of Bézier curyaorm. It is well
known (Watson, 1980; Cheney, 1982) that the best approximation of a given Bézierfcuira# degree
n by the Bézier curve of degree— 1 in L,-norm is

f@&)=f@0) —al, (2t 1), 1€[01],
wherea,, is the leading coefficient of (r) and
§ n+i (1 n I+ 1
= (7) ()

is the Legendre polynomial of degreeHowever, the best approximatigf(r) does not agree witlf (r)
for t =0 and 1. Eck (1995) extended the concept in such a way that the firdt derivatives of the two
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curves f(r) and f(r) atr = 0 and 1 agree for the integar> 0. Then the best approximation of given
Bézier curvef () of degreen by the Bézier curve of degree— 1 in L,-norm satisfying

df df

@ =
atr=0and 1is

ft)=f(@t)—a’1*@ - 1), te[0,1],

wherel%(r) is called byconstrained Legendre polynomiéEck, 1995) and has the Bernstein—Bézier
representation

HOED i %)B? (ﬂ>

2

), i=0,...,aa—-1

. i
i=a

with the weights
0
(%) (i)
Herea; must be chosen so th#ir) is a polynomial of degree — 1. The weights play an important role
in the following sections.

w; =

3. Equivalence of orthogonal complements
Let P, be the linear space of polynomials of degree less than or equal Adso for m < n and
a=0,...,[m/2]+ 1, let

o _ Ldf
IP’m_{f(t)eIP’m. "

Qt ={f@®)€Py: fi))=0fori=0,...,a—landi=n—a+1,...,n}.

Note thatP® = Q% =P,,. Let B" and Q" be the row vectors of Bernstein polynomials and Lagrange
polynomials

(t):Oatt:O,lfori:0,...,a—1},

B":=[By,...,B]], whereB!(t):= ('Z) (A=),

Q" :=[0p,..., 0,1, whereQ!(t):= l_[ t_—]

j=0, jzi 't T/

With b € R"*1, a column vector of coefficients, we write polynomials in BB form and Lagrange form
as B"b and Q"b, respectively. The latter form is used to relate a discrete polynomial dependence
of the coefficients of the vector index to a continuous polynomial. For example, if the coefficients
b(i)=i(i —1)(i —n)(i —n+1)(i ++/3) depend quintically on the indexthenQ” (1)b =t (t — 1)(t —

n)(t —n +1)(tr + +/3) is the corresponding quintic polynomial. The following lemma is an extension of
Lemma 2.1 in (Lutterkort et al., 1999).
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Lemma 3.1. A polynomial B"b is of degree< m with b(i) =0fori =0,...,a —1landi =n —
a+ 1,...,n if and only if the vector of coefficients is a polynomial of degteen with zeros at
i=0,. a—landl—n—a+1 .,ninitsindex, i.e.,

B'belP, <& Q'beQl.
Proof. Itis well known (Lutterkort et al., 1999) that
B'beP) <« Q"'beQl.

Thus it suffices to show thagrB"(t)b Oatr=0,1fori =0,...,a — 1lifand only if 9"(i)b =0 for
i=0,...,a—landi=n—a+1,...,n. Bytheway, they are equwalentb(oz)_Oforz =0,...,a—1
andi=n—oa+1,...,n. Hence we haV(B”b ePeifandonlyif 0"b € Q%. O

Theorem 3.2. The orthogonal complementsBf, in P% with respect to the&.,-inner product

(f. 8L :=/f(t)g(t) dr 1)
0
and the weighted Euclidean inner product of the BB coefficients

(B"b, B"c) Zb Ciw; )

are equal, where
()’
(ifa) (i—ta)
Proof. Denote the orthogonal complement®f in P2 with respect to the weighted Euclidean inner
product byPs, , and letB"u,, 241, . .., B"u,_2, be some basis of this space. By equality of dimensions

it suffices to show thaP , is contamed in the orthogonal complement with respect toltjinner
product, i.e., the polynomlaIB"uk have to bel,-orthogonal to all polynomials i,

w; =

(B"uj,t"‘Jr’(l—t)"‘)L =0, 0<i<m—-2a<j<n—2a.
Defining the column vectop; by
1

pi(k) = 1 f Bl ()t (1 —1)" dt,
Wi

0

we rewrite (B"u;, t*" (1 — 1)*);, = (B"u;, B" p;),,. By definition, the latter expression vanishes if and
only if B" p; e P, and by Lemma 3.1, this is equivalent@ p; € Q“ In other words, we have to show
thatp, (k)isa ponnomlaI ik of degree< m with zeros ak =0, . —1,andn —a+1,...,nforall
i=0,...,m— 20. We have
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(") (o) 1

("kﬁ“j)(z) n+20+i4+1

1

1

1 [ o n o+l

pik)=— / B (01" (1 —1)*dr = MJ‘* / Bi2ri(nd =
k 0 k+a+t O

n!

=1 I3=1

using the formula
1

1
Bl(t)dr = ——.
/ (@ d+1
0
Thusp; (k) is a polynomial of degree. m andp;(k) =0fork=0,...,.a—landn —a+1,...,n. O

4. Constrained degreereduction
Corollary 4.1. Given a polynomiaB”b of degreen, the approximation problem

d d
m|n{||Bb pl: B”()b_—p(t)att_o 1fori =0,. .,a—l}
PEPy

has the same minimizer for the norm induced either by thner product(1) or the weighted Euclidean
inner product(2).

Proof. Let f* be a polynomial of degre satisfying

d B" ()b = ¢ O]

dri o
att =0,1fori =0,...,a — 1. Then the polynomiaB"b — f* € P% can be decomposed uniquely
according to

Bnb_fa:pa_i_qa’ p E]P)In’q E]P)Inl‘l
and, by the orthogonalityy® is the minimizer of

min [|B"6 — f* — p*Il
peePy,

for both norm. For allp € P,, satisfying
i i
—B"(t)b=—p(t
LB Ob=:p®)
atr =0, 1 fori _O,...,a—l, we have
IB"b — pll=|B"b— f* = (p— )| = I1B"6 — f* = p°|
sincep — f* e P%. Thusp = p* + f* € P, is the wanted solution for both normso

Corollary 4.2. Denote byPy , the linear operator mapping polynomialB”b < IP, to their best
constrainedL,-norm or weighted Euclidean approximapte IP. Then

7):’)(1 _Pagpzn, mgﬂgn
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5. Asymmetric constrained degree reduction

In this section, we extend the results in above sections to the case of asymmetric constraint. For the
nonnegative integekg and g satisfyinga + 8 <m + 1, let

df d f
o, . — P
Per = {f(t) eP,: 4 (0)=0fori=0,...,a—1, and 9

QuP ={f@t)eP,: f(i)=0fori=0,...,a —landi=n—p+1,...,n}
The following lemma follows directly from Lemma 3.1.

(1)=0f0ri=0,...,ﬂ—1}

Lemma5.1. B"b e P%P & 0"b e Q%P
The proof of the following corollary is also obtained easily from the proof of Theorem 3.2.

Corallary 5.2. The orthogonal complementsIB‘,*;;ﬂ in Pﬁ’ﬂ with respect to thed.,-inner product and the
weighted Euclidean inner product of the BB coefficients

n—p
<Bnb, BnC>w = Zbiciw,- (3)

are equal, where

2

0"
(%) (i)

Proof. By simple calculations, we have for=0,...,m —ao — B andk=0,...,a — 1 andn — 8 +
1,...,n,

(4)

w; =

1
1 .
pi(k) == — f Bl ()t* T (L—1)P dt
Wy
0

n!
4 a+p+i+ D!

o B i
[[e—a+i[Je—k—p+i) [[k+a+1.

11=1 =1 I3=1

Thus the assertion follows from the same way of the proof of Theorem 312.
Corollary 5.3. Given a polynomiaB”b of degreen, the approximation problem

i i

d d
mini |B"b — p|: —B"(t)b=—p@)att=0fori =0,...,a — 1,
Mmb| Pl 57 B"(Ob=22p(®) i o

andatt:lfori:O,...,ﬂ—l}

has the same minimizer for the norm induced either by thner product(1) or the weighted Euclidean
inner product(3).
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Corallary 5.4. Denote byP,‘i‘,’ﬁ the linear operator mapping polynomialB”b € P, to their best
constrainedL,-norm or the weighted Euclidean approximant P. Then

Pl = prlpel . m<e<an.

6. Examples

In practice, one is often interested in the BB fopm= B™ ¢ of the constrained best degree reduction
from the polynomialB”b. In order to compare coefficientp, has to be represented in termsgff, i.e.,
p = B"c"). The degree raising: + 1) x (m + 1) matrix 7;, . for mapping the BB coefficients to ¢
has elements
(D)

)
Then, with|.||,, denoting the weighted Euclidean norm (3Rfi*!, degree reduction amounts to solving
the least squares problem

T (i, j)= =0,1,....m+randj=0,1,...,m.

min {16 — Ty rcllw
ceRm+1
with C%~1-continuity atr = 0 andC#~-continuity atr = 1.
To solve the least squares problem explicitly, let
d=b-T,,c
where b is the given vector, and@ is the unknown vector. Considering*—*-continuity at¢ = 0
and C#~1-continuity atr =1 , we can impose(n'j—!i)!A"bo = (m’”—ij"co fori =0,1,...,0 — 1 and
(,l’i_!i)!Aibnfi:(mm_,!i)!Aicmfi fori =0, 1,...,.6—-1 )
With these conditions, we solve— T, .c and split it in two parts, namely the known paraind the
unknown part i.e.,
d=b—T,,¢.
Let A%# be the submatrix of théz + 1) x (n + 1) matrix A obtained by extracting rows through
(n + 1 — B) and columnsy through(n + 1 — ) and letv®# be the subvector of the vectorobtained
by extracting rowsx through(n + 1 — 8). Let W,, be the diagonal matrix whose diagonal elements are
given by (4). Then the solutioé# is given by the pseudo inversieﬁjf of the degree raising matrix,

&P = PP = ((Taf) Wl Tl ) (Teh) Wil P

Example 1 (n =5, r = 1, C%-continuity,a = g = 1).

d=b—T4,1C,
bo 5 0 0 0
by 1 4 0 0 0]
g_|P2| 2o 23 00|
“|b| 510 0 3 2 0]l
b4 000 4 1|\
bs 000O0G5 *“
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wherecq = by, andc, = bs,

d=b—Tyqé,
0 5 0 0 0 0
by — 2ho 14000
s 2 |_1]o 23 0 of
= bs 5lo o 3 2 o]
by — Lbs 000 4 1|\
0 0 00O 5
gl = jptl_ T41,'11~1'lv
b1 — gbo 4 0 0
11 by |_1f2 3 of(
- b3 5o 3 2 62 '
b4—%b5 0O 0 4 3
55 5 _5 5
48 24 24 48
1,1 1L,1\T 1,111 -1 1L,1\T 1,1
P41:((T4,1) Ws T4,1) (T4,1) W™ = _1% % % _1% )
5 _5 5 55
48 24 24 48
where
£ 00 0
1 [0 200
Ws"=10 0 2 0
000 3

~11_ plifil
cr=Pyib

Example2(n=5r=1a=1,8=2).

d=b—T4,1C,
bo 5 0 0 0
by 1 4 0 0 0]
g |2 _1]0o 23 00T
| b3 5lo o 3 2 ol
b4 000 4 1|]\©
bs 000O0G5 *“

wherecq = by, c3 = bs — %(bs — by), andca = bs.

d=b—Ty¢,
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0
5 0 0 O
1
b1 —5bo 1400 o|/[°
. by 1o 2 3 0 of|“
d=1p_h+ip | "5l0 0 3 2 o]
3 — 504+ 1505 5 0
0 000 4 1]\,
0 0O 0 0 0 5
6?1 2 — 51,2 T4%12~1 2’
by — gbo 1/4 0
ar? = by ~Z(2 3 (Cl>.
bz — 3ba+ 15bs *\o 3/ 1%

2 22T 2102 1 2T 2 5 s -3
1, 1, 1, 1,2\ — 1, 1, 36 9 9
P4,1:((T4,1) Ws T4,1) (T4,1) W5 :(_i 10 3_5)

27 27 27
where
S0 0
W1'2=<0 4 o)
S )
0 0 10

~12 _ pl2712
c —P4’1b .

As an example in Fig. 1, consider the polynomgib with BB coefficients
b=1[0,1,4,25,0]"
The best approximatioB“c with C°-continuity atr = 0 andC*-continuity atr = 1 has coefficients
¢ =[0, 125/36, 35/54, 25/4, 0].

T

0 02 04 06 08 1

Fig. 1. Degree reduction of Bézier curve from degree five to degree four with constraintsandg = 2.
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Fig. 2. Degree reduction of planar Bézier curve from degree ten to degree five with consteafht= 1: the small circles are
the control points of given Bézier curve of degree ten and the small crosses are the control points of degree-reduced Bézier
curve of degree five.

Fig. 3. Degree reductions after subdivision of the planar Bézier curve of degree ten: the small crosses and the small boxes
are the control points of the degree-reduced Bézier curves of degree five with constraits= (1, 2) and (o, ) = (2, 1),
respectively.
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Example3(n =10, r =5, a=1,8=2anda = 2, 8 = 1). In this example we give the plane Bézier
curve of degree ten which is a part of the out-lines of font “S”. The best multi-degree reductiof)(

with C°-continuity at boundary pointsy(= 8 = 1) is shown in Fig. 2. After the subdivision at 1/2,

two Bézier curve of degree ten are approximated by the Bézier curves of degree five using best multi-
degree reduction witlf*-continuity at the subdivision point ar@’-continuity at the boundary points as
shown in Fig. 3.
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