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Abstract

In this paper we show that the best constrained degree reduction of a given Bézier curvef of degree fromn tom
with Cα−1-continuity at the boundary inL2-norm is equivalent to the best weighted Euclidean approximation o
vector of Bernstein–Bézier (BB) coefficients off from the vector of degree raised BB coefficients of polynom
of degreem with Cα−1-continuity at the boundary.
 2003 Elsevier B.V. All rights reserved.
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1. Introduction

Degree reduction of Bézier curves is an important problem in CAGD (Computer Aided Geo
Design) or CAD/CAM. In general, degree reduction cannot be done exactly so that it in
approximation problems. Thus many efforts and proposals for dealing with the problems have bee
in the recent twenty years or so. They are classified by different norm in which the distance b
polynomials is measured, e.g., inL∞-norm (Eck, 1993; Lachance, 1988; Watkins and Worsey, 1988
L2-norm (Lee and Park, 1997; Lee et al., 2002; Lutterkort et al., 1999; Peters and Reif, 2000),L1-
norm (Kim and Moon, 1997) or inLp-norm (Brunnett et al., 1996; Kim et al., 1996), etc. Furthermor
the error is larger than prespecified tolerance, then subdivision schemes are needed and the be
reduced Bézier curves are not continuous at the subdivision points. In many cases of actual CA
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systems, it is required that the curves and surfaces are continuous of orderα � 1 (Farin, 1996). Thus
the constrained degree reduction of Bézier curves withCα−1-continuity at both end points has be
developed in many previous literature (Bogaki et al., 1995; Eck, 1995; Kim and Ahn, 2000; Lac
1991).

Recently, Yong et al. (2001) presented an algorithm for degree reduction of B-spline using cons
optimization method without subdivision of B-spline into Bézier pieces. Chen and Wang (2002) ga
best multiple degree reduction of Bézier curve with constraints of endpoints continuity inL2-norm at a
time avoiding stepwise computing. Ahn (2003) also presented a good degree reduction of Bézie
with constraints of endpoints continuity inL∞-norm.

In particular, Lutterkort et. al (1999) proved that the orthogonal complement of a subspace
polynomial space of degreen with respect to theL2-inner product and the Euclidean inner product
BB coefficients are equal. Using this fact they also showed that the best degree reduction of poly
f of degreen in L2-norm is equivalent to the best approximation of the vector of BB coefficientsf
from all vector of BB coefficients of degree elevated polynomials of degree less thann in the Euclidean
norm of the vector. We follow their results in the case of constrained degree reduction. We firs
that the orthogonal complement of a subspace in the constrained polynomial space of degreen with
respect toL2-inner product and the weighted Euclidean inner product of BB coefficients are equ
some weights. The weights appear in the representation of the constrained Legendre polyno
BB coefficients. Using the fact we also show that the best constrained degree reduction off of degree
n with Cα−1-continuity at boundary inL2-norm is equivalent to the best approximation of the vec
of coefficients from all vectors of coefficients of degree elevated polynomials withCα−1-continuity at
boundary in weighted Euclidean norm of vectors.

The outline of this paper is as follows. In Section 2, we explain the constrained Legendre polyno
and their representation in BB form using weights. In Section 3, we show that the orthogonal comp
of a subspace in the constrained polynomial space of degreen with respect toL2-inner product and the
weighted Euclidean inner product of BB coefficients are equal. In Section 4, we present a propert
best constrained degree reduction of Bézier curves using the weights. In Section 5, our results
valid in the case of the best asymmetric constrained degree reduction. In Section 6, our asser
illustrated.

2. Constrained Legendre polynomials

In this section we explain the best constrained degree reduction of Bézier curve inL2-norm. It is well
known (Watson, 1980; Cheney, 1982) that the best approximation of a given Bézier curvef (t) of degree
n by the Bézier curve of degreen− 1 inL2-norm is

f̄ (t)= f (t)− anln(2t − 1), t ∈ [0,1],
wherean is the leading coefficient off (t) and

ln(t) =
n∑

i=0

(−1)n+i

(
n

i

)
Bn
i

(
t + 1

2

)

is the Legendre polynomial of degreen. However, the best approximation̄f (t) does not agree withf (t)
for t = 0 and 1. Eck (1995) extended the concept in such a way that the firstα − 1 derivatives of the two
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curvesf (t) and f̄ (t) at t = 0 and 1 agree for the integerα � 0. Then the best approximation of give
Bézier curvef (t) of degreen by the Bézier curve of degreen− 1 inL2-norm satisfying

dif

dt i
(t)= di f̄

dt i
(t), i = 0, . . . , α − 1

at t = 0 and 1 is

f̄ (t)= f (t)− aαn l
α
n (2t − 1), t ∈ [0,1],

where lαn (t) is called byconstrained Legendre polynomial(Eck, 1995) and has the Bernstein–Béz
representation

lαn (t)=
n−α∑
i=α

(−1)n+i

(
n

i

)
wi

Bn
i

(
t + 1

2

)

with the weights

wi =
(
n

i

)2(
n

i−α

)(
n

i+α

) .
Hereaαn must be chosen so that̄f (t) is a polynomial of degreen− 1. The weights play an important ro
in the following sections.

3. Equivalence of orthogonal complements

Let Pn be the linear space of polynomials of degree less than or equal ton. Also for m < n and
α = 0, . . . , [m/2] + 1, let

Pα
m =

{
f (t) ∈ Pm:

dif

dt i
(t)= 0 att = 0,1 for i = 0, . . . , α − 1

}
,

Qα
m = {

f (t) ∈ Pm: f (i)= 0 for i = 0, . . . , α − 1 andi = n− α + 1, . . . , n
}
.

Note thatP0
m = Q0

m = Pm. Let Bn andQn be the row vectors of Bernstein polynomials and Lagra
polynomials

Bn := [Bn
0 , . . . ,B

n
n ], whereBn

i (t) :=
(
n

i

)
t i (1− t)n−i ,

Qn := [Qn
0, . . . ,Q

n
n], whereQn

i (t) :=
n∏

j=0, j �=i

t − j

i − j
.

With b ∈ Rn+1, a column vector of coefficients, we write polynomials in BB form and Lagrange
as Bnb and Qnb, respectively. The latter form is used to relate a discrete polynomial depen
of the coefficients of the vector index to a continuous polynomial. For example, if the coeffi
b(i) = i(i − 1)(i − n)(i − n+ 1)(i + √

3) depend quintically on the indexi, thenQn(t)b = t (t − 1)(t −
n)(t − n+ 1)(t + √

3) is the corresponding quintic polynomial. The following lemma is an extensio
Lemma 2.1 in (Lutterkort et al., 1999).
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Lemma 3.1. A polynomialBnb is of degree� m with b(i) = 0 for i = 0, . . . , α − 1 and i = n −
α + 1, . . . , n if and only if the vector of coefficients is a polynomial of degree� m with zeros at
i = 0, . . . , α − 1 and i = n− α + 1, . . . , n in its index, i.e.,

Bnb ∈ Pα
m ⇔ Qnb ∈ Qα

m.

Proof. It is well known (Lutterkort et al., 1999) that

Bnb ∈ P0
m ⇔ Qnb ∈ Q0

m.

Thus it suffices to show thatd
i

dt i B
n(t)b = 0 at t = 0,1 for i = 0, . . . , α − 1 if and only ifQn(i)b = 0 for

i = 0, . . . , α−1 andi = n−α+1, . . . , n. By the way, they are equivalent tob(i) = 0 for i = 0, . . . , α−1
andi = n− α + 1, . . . , n. Hence we haveBnb ∈ Pα

m if and only ifQnb ∈ Qα
m. ✷

Theorem 3.2. The orthogonal complements ofPα
m in Pα

n with respect to theL2-inner product

〈f,g〉L :=
1∫

0

f (t)g(t)dt (1)

and the weighted Euclidean inner product of the BB coefficients

〈Bnb,Bnc〉w :=
n−α∑
i=α

biciwi (2)

are equal, where

wi =
(
n

i

)2(
n

i−α

)(
n

i+α

) .
Proof. Denote the orthogonal complement ofPα

m in Pα
n with respect to the weighted Euclidean inn

product byPα
m,n, and letBnum−2α+1, . . . ,B

nun−2α be some basis of this space. By equality of dimens
it suffices to show thatPα

m,n is contained in the orthogonal complement with respect to theL2-inner
product, i.e., the polynomialsBnuk have to beL2-orthogonal to all polynomials inPα

m,〈
Bnuj , t

α+i(1− t)α
〉
L

= 0, 0� i �m− 2α < j � n− 2α.

Defining the column vectorpi by

pi(k) := 1

wk

1∫
0

Bn
k (t)t

α+i (1− t)α dt,

we rewrite〈Bnuj , t
α+i (1 − t)α〉L = 〈Bnuj ,B

npi〉w . By definition, the latter expression vanishes if a
only if Bnpi ∈ Pα

m, and by Lemma 3.1, this is equivalent toQnpi ∈ Qα
m. In other words, we have to sho

thatpi(k) is a polynomial ink of degree�m with zeros atk = 0, . . . , α− 1, andn− α+ 1, . . . , n for all
i = 0, . . . ,m− 2α. We have
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1 ( )( ) 1 ( )( )

n

ly
pi(k)= 1

wk

∫
0

Bn
k (t)t

α+i (1− t)α dt =
n

k−α

n

k+α(
n+2α+i

k+α+i

)(
n

k

) ∫
0

Bn+2α+i
k+α+i (t)dt =

n

k−α

n

k+α(
n+2α+i

k+α+i

)(
n

k

) 1

n+ 2α + i + 1

= n!
(n+ 2α + i + 1)!

α∏
l1=1

(k − α + l1)

α∏
l2=1

(n− k − α + l2)

i∏
l3=1

(k + α + l3)

using the formula
1∫

0

Bd
k (t)dt = 1

d + 1
.

Thuspi(k) is a polynomial of degree�m andpi(k)= 0 for k = 0, . . . , α − 1 andn− α + 1, . . . , n. ✷

4. Constrained degree reduction

Corollary 4.1. Given a polynomialBnb of degreen, the approximation problem

min
p∈Pm

{
‖Bnb− p‖:

di

dt i
Bn(t)b = di

dt i
p(t) at t = 0,1 for i = 0, . . . , α − 1

}
has the same minimizer for the norm induced either by theL2-inner product(1)or the weighted Euclidea
inner product(2).

Proof. Let f α be a polynomial of degreem satisfying

di

dt i
Bn(t)b = di

dt i
f α(t)

at t = 0,1 for i = 0, . . . , α − 1. Then the polynomialBnb − f α ∈ Pα
n can be decomposed unique

according to

Bnb− f α = pα + qα, pα ∈ Pα
m, q

α ∈ Pα
m,n

and, by the orthogonality,pα is the minimizer of

min
pα∈Pα

m

‖Bnb− f α − pα‖
for both norm. For allp ∈ Pm satisfying

di

dt i
Bn(t)b = di

dt i
p(t)

at t = 0,1 for i = 0, . . . , α − 1, we have

‖Bnb− p‖ = ∥∥Bnb− f α − (p − f α)
∥∥� ‖Bnb− f α − pα‖

sincep − f α ∈ Pα
m. Thusp = pα + f α ∈ Pm is the wanted solution for both norms.✷

Corollary 4.2. Denote byPα
m,n the linear operator mapping polynomialsBnb ∈ Pn to their best

constrainedL2-norm or weighted Euclidean approximantp ∈ P. Then

Pα
m,n =Pα

m,�Pα
�,n, m� �� n.
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5. Asymmetric constrained degree reduction

In this section, we extend the results in above sections to the case of asymmetric constraint.
nonnegative integersα andβ satisfyingα + β �m+ 1, let

Pα,β
m =

{
f (t) ∈ Pm:

dif

dt i
(0) = 0 for i = 0, . . . , α − 1, and

dif

dt i
(1)= 0 for i = 0, . . . , β − 1

}
Qα,β

m = {
f (t) ∈ Pm: f (i)= 0 for i = 0, . . . , α − 1 andi = n− β + 1, . . . , n

}
.

The following lemma follows directly from Lemma 3.1.

Lemma 5.1. Bnb ∈ P
α,β
m ⇔Qnb ∈ Q

α,β
m .

The proof of the following corollary is also obtained easily from the proof of Theorem 3.2.

Corollary 5.2. The orthogonal complements ofP
α,β
m in P

α,β
n with respect to theL2-inner product and the

weighted Euclidean inner product of the BB coefficients

〈Bnb,Bnc〉w :=
n−β∑
i=α

biciwi (3)

are equal, where

wi =
(
n

i

)2(
n

i−α

)(
n

i+β

) . (4)

Proof. By simple calculations, we have fori = 0, . . . ,m − α − β andk = 0, . . . , α − 1 andn − β +
1, . . . , n,

pi(k) := 1

wk

1∫
0

Bn
k (t)t

α+i (1− t)β dt

= n!
(n+ α + β + i + 1)!

α∏
l1=1

(k − α + l1)

β∏
l2=1

(n− k − β + l2)

i∏
l3=1

(k + α + l3).

Thus the assertion follows from the same way of the proof of Theorem 3.2.✷
Corollary 5.3. Given a polynomialBnb of degreen, the approximation problem

min
p∈Pm

{
‖Bnb− p‖:

di

dt i
Bn(t)b = di

dt i
p(t) at t = 0 for i = 0, . . . , α − 1,

and att = 1 for i = 0, . . . , β − 1

}
has the same minimizer for the norm induced either by theL2-inner product(1)or the weighted Euclidea
inner product(3).
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Corollary 5.4. Denote byPα,β
m,n the linear operator mapping polynomialsBnb ∈ Pn to their best

constrainedL2-norm or the weighted Euclidean approximantp ∈ P. Then

Pα,β
m,n =Pα,β

m,�P
α,β

�,n , m� �� n.

6. Examples

In practice, one is often interested in the BB formp = Bmc of the constrained best degree reduct
from the polynomialBnb. In order to compare coefficients,p has to be represented in terms ofBn, i.e.,
p = Bnc(r). The degree raising(n+ 1)× (m+ 1) matrix Tm,r for mapping the BB coefficientsc to c(r)

has elements

Tm,r(i, j)=
(
m

j

)(
r

i−j

)
(
m+r

i

) , i = 0,1, . . . ,m+ r andj = 0,1, . . . ,m.

Then, with‖.‖w denoting the weighted Euclidean norm (3) inRn+1, degree reduction amounts to solvi
the least squares problem

min
c∈Rm+1

‖b− Tm,rc‖w
with Cα−1-continuity att = 0 andCβ−1-continuity att = 1.

To solve the least squares problem explicitly, let

d = b− Tm,rc

where b is the given vector, andc is the unknown vector. ConsideringCα−1-continuity at t = 0
and Cβ−1-continuity at t = 1 , we can impose n!

(n−i)!!
ib0 = m!

(m−i)!!
ic0 for i = 0,1, . . . , α − 1 and

n!
(n−i)!!

ibn−i = m!
(m−i)!!

icm−i for i = 0,1, . . . , β − 1.

With these conditions, we solveb − Tm,rc and split it in two parts, namely the known partb̃ and the
unknown part̃c i.e.,

d̃ = b̃− Tm,r c̃.

Let Aα,β be the submatrix of the(n + 1) × (n + 1) matrixA obtained by extracting rowsα through
(n + 1 − β) and columnsα through(n+ 1 − β) and letvα,β be the subvector of the vectorv obtained
by extracting rowsα through(n+ 1 − β). Let Wn be the diagonal matrix whose diagonal elements
given by (4). Then the solutioñcα,β is given by the pseudo inversePα,β

m,r of the degree raising matrix,

c̃α,β = Pα,β
m,r b̃

α,β = ((
T α,β
m,r

)T
Wα,β

n T α,β
m,r

)−1(
T α,β
m,r

)T
Wα,β

n b̃α,β.

Example 1 (n= 5, r = 1, C0-continuity,α = β = 1).

d = b− T4,1c,

d =




b0

b1

b2

b3

b4

b5


− 1

5




5 0 0 0 0
1 4 0 0 0
0 2 3 0 0
0 0 3 2 0
0 0 0 4 1
0 0 0 0 5






c0

c1

c2

c3

c4


 ,
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wherec0 = b0, andc4 = b5.

d̃ = b̃− T4,1c̃,

d̃ =




0
b1 − 1

5b0

b2

b3

b4 − 1
5b5

0


− 1

5




5 0 0 0 0
1 4 0 0 0
0 2 3 0 0
0 0 3 2 0
0 0 0 4 1
0 0 0 0 5







0
c1

c2

c3

0


 .

d̃1,1 = b̃1,1 − T
1,1
4,1 c̃

1,1,

d̃1,1 =



b1 − 1

5b0

b2

b3

b4 − 1
5b5


− 1

5




4 0 0
2 3 0
0 3 2
0 0 4



(
c1

c2

c3

)
.

P
1,1
4,1 = ((

T
1,1
4,1

)T
W

1,1
5 T

1,1
4,1

)−1(
T

1,1
4,1

)T
W

1,1
5 =




55
48

5
24 − 5

24
5
48

− 5
12

5
6

5
6 − 5

12
5
48 − 5

24
5
24

55
48


 ,

where

W
1,1
5 =




5
2 0 0 0
0 2 0 0
0 0 2 0
0 0 0 5

2


 .

c̃1,1 = P
1,1
4,1 b̃

1,1.

Example 2 (n= 5, r = 1, α = 1, β = 2).

d = b− T4,1c,

d =




b0

b1

b2

b3

b4

b5


− 1

5




5 0 0 0 0
1 4 0 0 0
0 2 3 0 0
0 0 3 2 0
0 0 0 4 1
0 0 0 0 5






c0

c1

c2

c3

c4


 ,

wherec0 = b0, c3 = b5 − 5
4(b5 − b4), andc4 = b5.

d̃ = b̃− T4,1c̃,
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 
d̃ =



0
b1 − 1

5b0

b2

b3 − 1
2b4 + 1

10b5

0

0


− 1

5




5 0 0 0 0
1 4 0 0 0
0 2 3 0 0
0 0 3 2 0
0 0 0 4 1
0 0 0 0 5







0
c1

c2

0
0


 .

d̃1,2 = b̃1,2 − T
1,2
4,1 c̃

1,2,

d̃1,2 =

 b1 − 1

5b0

b2

b3 − 1
2b4 + 1

10b5


− 1

5

(4 0
2 3
0 3

)(
c1

c2

)
.

P
1,2
4,1 = ((

T
1,2
4,1

)T
W

1,2
5 T

1,2
4,1

)−1(
T

1,2
4,1

)T
W

1,2
5 =

( 35
36

5
9 −5

9

− 5
27

10
27

35
27

)
,

where

W
1,2
5 =

( 5
2 0 0
0 4 0
0 0 10

)
.

c̃1,2 = P
1,2
4,1 b̃

1,2.

As an example in Fig. 1, consider the polynomialB5b with BB coefficients

b = [0,1,4,2,5,0]t.

The best approximationB4c with C0-continuity att = 0 andC1-continuity att = 1 has coefficients

c = [0,125/36,35/54,25/4,0].

Fig. 1. Degree reduction of Bézier curve from degree five to degree four with constraintsα = 1 andβ = 2.
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ed Bézier

all boxes
Fig. 2. Degree reduction of planar Bézier curve from degree ten to degree five with constraintα = β = 1: the small circles are
the control points of given Bézier curve of degree ten and the small crosses are the control points of degree-reduc
curve of degree five.

Fig. 3. Degree reductions after subdivision of the planar Bézier curve of degree ten: the small crosses and the sm
are the control points of the degree-reduced Bézier curves of degree five with constraints(α,β) = (1,2) and(α,β) = (2,1),
respectively.
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1 (10),

ut.

, 1205–

–208.

d degree

of

17–127.
Example 3 (n = 10, r = 5, α = 1, β = 2 andα = 2, β = 1). In this example we give the plane Bézi
curve of degree ten which is a part of the out-lines of font “S”. The best multi-degree reduction (r = 5)
with C0-continuity at boundary points (α = β = 1) is shown in Fig. 2. After the subdivision att = 1/2,
two Bézier curve of degree ten are approximated by the Bézier curves of degree five using bes
degree reduction withC1-continuity at the subdivision point andC0-continuity at the boundary points a
shown in Fig. 3.
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