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Abstract. We give a recipe for deriving local spline approximation meth-
ods which reproduce the whole spline space. The methods are obtained
by solving a series of local approximation problems. Examples of speci�c
quadratic and cubic approximation methods are given.

x1. Introduction

Many applications of splines make use of some approximation method to pro-

duce a spline function from given discrete data. Popular methods include

interpolation and least squares approximation. However, both of these meth-

ods require solution of a linear system of equations with as many unknowns as

the dimension of the spline space, and are therefore not suitable for real-time

processing of large streams of data. For this purpose local methods, which de-

termine spline coeÆcients by using only local information, are more suitable.

To ensure good approximation properties it is important that the methods

reproduce polynomials and preferably the functions in the given spline space.

A method based on derivative information was constructed in [ rndeB ], while

a more general class was studied in [ rnLS ]. In order to reproduce the spline

space, the local information of the methods in [ rnLS ] was restricted to lie in

one knot interval. In this paper we remove this restriction. We then discuss

some speci�c approximation methods for quadratic and cubic splines.

We use B-splines as a basis for splines and denote the ith B-spline of

degree d with knots t by Bi;d = Bi;d;t, and the linear space spanned by these

B-splines by Sd;t.
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x2. A General Construction of Quasi-interpolants

Given a function f , the basic problem of spline approximation is to determine

B-spline coeÆcients (ci)
n
i=1

such that

Pf =

nX
i=1

ciBi;d

is a reasonable approximation to f . The basic challenge is therefore to devise

a procedure for determining the B-spline coeÆcients. We assume that f is

de�ned on an interval [a; b], and that we have selected a space of splines Sd;t
de�ned on [a; b] (i.e., so that t = (tj)

n+d+1

j=1
is nondecreasing with td+1 = a

and tn+1 = b). We �x k and propose the following procedure for determining

ck:

(i) Choose a local interval I = (t�; t�) with the property that I intersects

the (interior of the) support of Bk;d:

I \ (tk; tk+d+1) 6= ;:

Denote the restriction of the space Sd;t to the interval I by Sd;t;I, i.e.,

Sd;t;I = spanfB��d;d; : : : ; B��1;dg:

(ii) Choose some local approximation method PI with the property that

PIg = g; for all g in Sd;t;I: (1)

(iii) Let fI denote the restriction of f to the interval I. Then there exist B-

spline coeÆcients (bi)
��1
i=��d

such that PIfI =
P��1

i=��d
biBi;d. Note that

�� d � k � � � 1 since suppBk;d intersects I.

(iv) Set ck = bk.

When determining ck, this procedure gives us the freedom to restrict our

attention to a local subinterval I = [t�; t�] of our choice. By doing this we

may reduce the complexity of the problem. Secondly, we have the freedom to

choose the local approximation method PI . Typical choices will be interpola-

tion, least squares approximation, or a smoothing spline. As we shall see in

Lemma pnrepro , the local condition (1) ensures that if f is a spline in Sd;t,

it will be reproduced by Pf . In certain situations, other conditions may be

more natural, but we will not pursue this any further here.

We �rst ascertain that the local reproduction condition leads to global

reproduction of Sd;t.
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Lemma 1. The spline approximation Pf determined by steps (i){(iv) above

has the property that Pf = f for all f in the spline space Sd;t.

Proof: Suppose that f =
Pn

i=1
ĉiBi;d for certain coeÆcients (ĉi)

n
i=1

; we must

show that if Pf =
Pn

i=1
ciBi;d then ci = ĉi. We note that fI =

P��1

i=��d
ĉiBi;d,

so fI is clearly in Sd;t;I. Therefore, by assumption, we have

��1X
i=��d

biBi;d = PIfI = fI =

��1X
i=��d

ĉiBi;d;

so bi = ĉi for i = �� d, : : : , � � 1, and in particular bk = ĉk. But remember

that ck is chosen equal to bk so we therefore have ck = ĉk, as required.

To emphasize the dependence on f , the coeÆcient ck is often written

ck = �kf , with �k some linear functional. The following lemma gives an

explicit formula for the coeÆcient �kf in the case where it is a combination

of given linear functionals �k;1; : : : ; �k;���+d.

Lemma 2. Suppose that the coeÆcient ck of Pf is chosen as

ck =
det

�
�B��d; : : : ;�Bk�1;�f;�Bk+1; : : : ;�B��1

�
det

�
�B��d; : : : ;�b��1

� ; (2)

where �Bj denotes the column vector

�Bj = (�k;1Bj;d; : : : ; �k;���+dBj;d)
T

and �k;1, : : : , �k;���+d are linear functionals de�ned on Sd;t such that the

denominator in (2) is nonzero. Then Pf = f for all f in Sd;t.

Proof: We choose a special local approximation operator in step (ii) of the

construction procedure, namely the one that maps fI to the spline that solves

the generalized interpolation problem

�k;i(PIfI) = �k;ifI ; for i = 1, : : : , � � �+ d: (3)

Expressing PIfI in terms of B-splines as PIfI =
P��1

j=��d bjBj;d and inserting

this in (3) leads to the linear system of equations

��1X
j=��d

(�k;iBj;d)bj = �k;ifI ; i = 1, : : : , � � �+ d: (4)

Solving this system for bk by Cramer's rule and setting ck = bk yields the

formula (2), and the solution is unique since the denominator in (2) is nonzero.

The uniqueness also implies that (1) holds.

A general class of approximation methods are obtained by letting PI be

given as point functionals of the form

�k;jf = f(xk;j); j = 1; : : : ;mk; (5)
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where mk = � � �+ d and xk;1; : : : ; xk;mk
are given points. With this choice,

it is well known (see page 200 of [ rndeBbook ]) that if

B��d�1+j;d(xk;j) > 0; j = 1; : : : ;mk; (6)

then the denominator in (2) is nonzero and Lemma 2 can be applied. Ex-

panding the numerator in (2), we obtain ck in the form

ck = �kf =

mkX
j=1

wk;jf(xk;j); (7)

for some vector wk = (wk;j). Equivalently, we can �nd wk by solving the

linear system

Æi;k = �k(Bi;d) =

mkX
j=1

wk;jBi;d(xk;j) for i = �� d, : : : , � � 1; (8)

where Æi;k = 1 if i = k and zero otherwise, as usual. In practice one would

usually determine ck numerically, either from (2), (4), or (8), except in special

cases where the formulas are particularly simple.

Quasi-interpolants of this kind were studied in [ rnLS ]. However, there

the data points fxk;jg
mk

j=1
are restricted to all lie in one subinterval [tl; tl+1] of

[tk; tk+d+1].

There are standard ways to obtain error estimates for the kind of approx-

imation methods developed here. Let us denote the total approximation by

Pf , and suppose we have found a constant C (that may depend on the knots,

but not on f) such that

kPfk � Ckfk: (9)

Here kfk denotes the uniform norm on the interval [a; b],

kfk = max
x2[a;b]

��f(x)��:

>From (9) it follows by a standard argument that

kf � Pfk � (1 + C) dist(f;Sd;t); (10)

where dist(f;Sd;t) denotes the quantity

dist(f;Sd;t) = inf
g2Sd;t

kf � gk:
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x3. Examples: Projection Into a Given Spline Space

In this section we consider some examples in the case where the knots and the

degree of the spline are given.

Example 3. A quadratic spline. Suppose d = 2 and the knots t = (tj) are

given. To determine ck we choose a point (xk;2) in the middle subinterval

of the B-spline Bk;2. Thus I = [t�; t� ] = [tk+1; tk+2] so that we need mk =

� � � + d = 3 local interpolation points in I. The space Sd;t;I (quadratic

polynomials on I) is spanned by the three B-splines (Bi;2)
k
i=k�2 and the local

operator PI is the interpolation operator at the three points (xk;j)
3

j=1
. Since

tk+1 = xk;1 < xk;2 < xk;3 = tk+2, it is clear that (6) holds and the system

(4) becomes a simple 3� 3 linear system of equations. The coeÆcient ck can

either be determined as the second of the three resulting coeÆcients, which is

bk with our labelling, or from (2). The result is

ck = �kf =
1

2

�
���1

k
f(xk;1) + ��1

k
(1 + �k)

2f(xk;2)� �kf(xk;3)
�
; (11)

where

�k =
xk;3 � xk;2

xk;2 � xk;1
:

The spline approximation P2f =
P

j
�jfBj;2 reproduces the quadratic spline

space, and from (10) we obtain

jjf � P2f jj � (3 + �) dist(f;S2;t);

where

� = max
k
f�k; �

�1

k
g:

This holds for any function f and with the special choice xk;2 = (xk;1+xk;3)=2

then kf�P2fk � 4 dist(f;S2;t). With this special choice of xk;2, this operator

is classical, and the corresponding approximation method has been used to

approximate functions on the sphere ([ rnST ]).

Example 4. A quadratic spline based locally on 5 points. Another possi-

bility is to choose [t�; t�] = [tk; tk+3]. Then the local spline space S2;t;I has

dimension 5 and is spanned by the �ve B-splines (Bi;d)
k+2

i=k�2
. If we choose

three extra points

xk;1 2 (tk; tk+1); xk;3 2 (tk+1; tk+2); xk;5 2 (tk+2; tk+3)

in addition to the two interior knots xk;2 = tk+1 and xk;4 = tk+3, we can

take PI to be the operator corresponding to interpolation at the �ve points

(xk;i)
5

i=1
. Again it is easy to see that (6) holds and we choose ck as the middle

coeÆcient in (4).

Example 5. A cubic spline based locally on 5 points. Similar constructions

are possible in the cubic case (d = 3). With k �xed, we choose the interval I =
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[tk+1; tk+3] which means that the local spline space has dimension 5. Again

we determine PIf by interpolation, this time at the three knots xk;1 = tk+1,

xk;3 = tk+2 and xk;5 = tk+3 plus the two additional points xk;2 2 (tk+1; tk+2)

and xk;4 2 (tk+2; tk+3). As before, (6) holds and ck is chosen as the middle

coeÆcient.

In most cases the formulas for the B-spline coeÆcients are rather com-

plicated, but in the following case the expressions become quite simple: We

choose xk;2 as the midpoint between tk+1 and tk+2, and xk;4 as the midpoint

between tk+2 and tk+4. If we introduce the knot ratio � = (tk+3�tk+2)=(tk+2�

tk+1), the formula for ck = �kf becomes

ck =
1

9

� 1 + 2�

�(1 + �)
f(xk;1)� 8

1 + 2�

�(1 + �)
f(xk;2) + (16 + 7��1 + 7�)f(xk;3)

� 8
�(2 + �)

1 + �
f(xk;4) +

�(2 + �)

1 + �
f(xk;5)

�
:

x4. Approximation of Discrete Data by Quasi-interpolants

In the examples of quasi-interpolants in the previous section it was assumed

that a spline space was given, and that we were to construct an approximation

method that would project functions onto the spline space. In practice, a

more common situation is that a set of discrete data points are given, and

the challenge is to construct a spline approximation. In this case, we need

to determine a suitable spline space (spline degree and knot vector) before

we can compute the approximation, and the knots must be chosen somehow.

We consider a class of methods which illustrate how quasi-interpolants of the

above type can be used to solve approximation problems of this kind.

We start with an odd number m of data points (xj ; yj)
m
j=1

, where m �

2d� 1. We assume that the points are sampled from a function f de�ned on

an interval [a; b], and that the abscissae xxxxxxxxx = (xj)
m
j=1

satisfy a = x1 < x2 <

: : : < xm = b. From xxxxxxxxx we form the knot vector

t = (tj)
n+d+1

j=1
= (

d+1z }| {
x1; : : : ; x1; x3; x5; : : : ; xm�2;

d+1z }| {
xm; : : : ; xm);

where n = (m� 1)=2 + d. Note that the knots are related to the abscissae of

the data points via the formula tj = x2(j�d)�1 for j = d + 1, : : : , n + 1. We

shall design a quasi-interpolant

Pdf =

nX
k=1

�kfBk;d

such that each �kf depends on at most 2d � 1 data points. To compute

ck = �kf for k in the range d � k � n � d + 1, we set I = [tk+1; tk+d]. The

restriction Sd;t;I of Sd;t to this interval has dimensionmk = 2d�1, but we also
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have 2d�1 data points in I, namely the points xk;j = x2(k�d)+j for j = 1, : : : ,

2d� 1. We can therefore determine a local approximation by forcing a spline

in Sd;t;I to interpolate these points and then choose the middle coeÆcient as

ck. The ends must be treated specially. One possibility is to use derivative

information, but we do not consider this here. Instead, for k = 1, : : : , d�1 we

use the same local interval as for k = d, i.e., I = [td+1; t2d], which means that

Sd;t;I has dimension 2d� 1 and we have 2d� 1 data points in I. We solve the

local interpolation problem and choose (ck)
d�1
k=1

as the �rst d � 1 coeÆcients

of the local interpolant. The right end can be handled similarly.

To be more speci�c, we work out some of the details in the cubic case (the

quadratic case corresponds to the construction in Example 3). We determine

the �rst two coeÆcient functionals by considering the interval I = [t4; t6] =

[x1; x5]. The nonzero B-splines on this interval are (Bi;3)
5

i=1
so we can enforce

�ve local interpolation conditions, namely interpolation at the data points

(xi)
5

i=1
. To make sure that we reproduce the local spline space, it is suÆcient

to require

Æi;k = �k(Bi;3) =

5X
j=1

wk;jBi;3(xj); for i = 1, : : : , 5 and k = 1, 2.

Since B1;3(x1) = 1 and all other B-splines are 0 at x1, we see immediately

that �1f = f(x1). The other system of equations can be solved numerically

to determine the wk;j . The right end of the interval [a; b] is treated similarly.

For k = 3, : : : , n� 2, we use the �ve data points fxk;jg
5

j=1
belonging to

the subinterval [tk+1; tk+3] to calculate �kf , where xk;j = x2k+j�6 for j = 1,

2, : : : , 5. Proceeding as above, we end up with a simple 5 � 5 system of

equations for each set of unknowns (wk;j)
5

j=1
.

It is possible to �nd explicit expressions for the weights by using a com-

puter algebra system, and this can be useful for an analysis of the resulting

approximation method, see the next section. When implementing the approx-

imation method however, it is usually more eÆcient to solve the equations

numerically, as the explicit formulas for the weights are rather complicated

and expensive to evaluate. However, in certain special cases it is worth pre-

computing the weights. One such case is when the data points are uniformly

spaced when we �nd

�1(f) = f(x1);

�2(f) =
1

18

�
�5f(x1) + 40f(x2)� 24f(x3) + 8f(x4)� f(x5)

�
;

�3(f) =
1

6

�
f(x1)� 8f(x2) + 20f(x3)� 8f(x4) + f(x5)

�
:

The weights for k = 4, : : : , n � 2 are the same as those for k = 3, while the

weights for k = n� 1 agree with those for k = 2, but in reverse order.

Note that if x lies in an interval [t�; t�+1) for some integer � in the range
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4 � � � n, then P3f reduces to

(P3f)(x) =

�X
j=��3

(�jf)Bj;3(x);

and therefore depends on (at most) 11 data values in the vicinity of [t�; t�+1).

x5. Example of Error Analysis

We give the result of an error analysis for the cubic quasi-interpolant P3 that

we considered in Section 4; the other operators can be analyzed similarly. To

state the results, we use the following mesh-ratios:

�j =
xj+1 � xj

xj � xj�1
; j = 2; : : : ;m� 1:

Proposition 6. For each positive integer j with 2j + 1 � m, we have

jjP3f jj1;[x2j�1;x2j+1] � K(�)jjf jj
1;[x2j�5;x2j+5]\[x1;xm];

where K(�) is a polynomial in � = maxkf�k; �
�1

k
g.

Proof: We deduce the estimate on the �rst interval [x1; x3]; the treatment of

the other intervals is similar. For x 2 [x1; x3] we have

P3f(x) =

4X
j=1

�jfBj;3(x);

where �1f = f(x1), �2f =
P

5

j=1
w2;jf(xj), �kf =

P
5

j=1
wk;jf(x2k�6+j) for

3 � k � m � 2, and where the wk;j can be computed from �kf = ck given

by (2). Note that only the 7 �rst x-values are used to de�ne P3f(x) for

x 2 [x1; x3]. Therefore, since the B-splines form a nonnegative partition of

unity, we obtain

j(P3f)(x)j � max
1�k�4

5X
j=1

jwk;jj jjf jj1;[x1;x7]; x 2 [x1; x3]:

Since the wk;j for �xed k are computed by forming minors in the numerator

in (2), it is clear that they must alternate in sign. This follows since all

minors are nonnegative by total positivity properties of B-splines, see e.g.

page 201 of [ rndeBbook ]. Moreover, since P3 reproduces constants, we haveP
5

j=1
wk;j = 1 for all k. Combining this identity with the fact that the wk;j

oscillate in sign, we �nd that

5X
j=1

jwk;jj � 2Ck + 1;
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where

Ck = jwk;2j+ jwk;4j:

It then follows that

j(P3f)(x)j � (2 max
1�k�4

Ck + 1)jjf jj
1;[x1;x7]; x 2 [x1; x3]:

Now C1 = 0 and using Mathematica we �nd

C2 =
(1 + �2)

2
�
(1 + �4)

2 + �3�4(1 + �2)�2
�

3�2
2
�3�4�2

;

while for 3 � k + 1 � m� 2

Ck+1 =
(1 + �2k�2)

2(1 + �2k�1)(1 + �2k)
2
�
1 + �2k�1�2k(1 + �2k�2�2k�1)

�
3�2k�2�2k�1�2k(�2k�1(1 + �2k) + �k)

;

where

�k = 2 + �2k + �2k�2(2 + �2k + 2�2k�1(1 + �2k)):

It follows that these expressions can be bounded by a polynomial in �.

If the data are evenly spaced, or more generally, the even indexed data-

points are located midway between their neighbours, the estimate for the

constant K(�) simpli�es.

Corollary 7. Suppose that x2k = (x2k�1 + x2k+1)=2 for k � (m� 1)=2. For

any positive integer j with 2j + 1 � m we have

jjP3f jj1;[x2j�1;x2j+1] � K(�)jjf jj
1;[x2j�5;x2j+5]\[x1;xm];

where

K(�) = (16�+ 41)=9:

Proof: In this case �2k = 1 for all k, and the expressions for C2 and Ck+1 in

the proof of Proposition 6 simplify to

C2 =
8

9

�
2 +

1

�3

�
;

Ck+1 =
8

9

�
1

�2k�1
+ 1 + �2k�1

�
; when 3 � k + 1 � m� 2:

Since ��1
2k�1

+ �2k�1 � 1 + � we �nd K(�) � 2C + 1, where C = maxk Ck �
8

9
(2 + �) for all k.

x6. Remarks
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Remark 6.1. From Proposition 6 and (10) we can deduce that the error P3f�

f will be of the same order of magnitude as the error in best approximation

by cubic splines. In fact if the data is uniform, then � = 1 and from Corollary

7 we �nd K(�) = 19=3. Of course K(�) is larger for nonuniform data. In any

case, if f has a bounded fourth derivative we see that P3f is a fourth order

accurate approximation to f .

Remark 6.2. The approximation procedure in this paper can be extended

to trigonometric splines [ rnLSS ] and other more general classes of functions.

Remark 6.3. We have given the three formulae (2), (4), and (8) for de-

riving quasi-interpolants reproducing the whole spline space. In addition

formulas based on blossoming could be used. We refer to [ rnLSS ].
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