A Cubic Quasi-interpolant

by

Byung-Gook Lee

Dongseo University, Pusan, Korea
http://kowon.dongseo.ac.kr/~Ilbg/



1. Quasi-interpolants

We shall approximate f by an approximation P;f in a
spline space Sq . on the form

Pif(z) = ) (\if)Bja,

=1

where {B,,} is a sequence of B-splines of order d for

the knot vector r = (r;)"X{*".



2. How to construct )\;f

A;f are appropriate linear functionals chosen so that:

e P,f can be applied to a large class of functions
including, for example, continuous functions

e P;f is local in the sense that (P;f)(z) depends
only on values of f in a small neighborhood of z

We shall construct A;f on the form
A = ij,kf(fﬁj,k),
k=1

where {z;;},~, are given data points in the vicinity of
the support [7}, Tj4441] Of the B-spline B; .



3. How to choose w;;

In order to make P;f approximate smooth functions f
well, we shall choose w;; such that

Pdf:f7 all fESd,T'

This was studied by Lyche, T. and L. L. Schumaker
(1975), they restrict the data points {z;;} to one
subinterval [r, 741] of [7j, Tj+4+1]. Here we want to

enlarge the subinterval.



4. P; : reproduce spline space

To find the w;; so that FP;f reproduces all splines in
Sa-. By the local support properties of the B-splines,

it is enough to require

m;
AjBia = Z w; kBia(@jk) = 65,
k=1
i=p—d,...,v—1, where [r,, 7] is the smallest subin-

terval of the knot vector that contains given data point
{mj,k};;n;l-
This is a linear system of :

e v — u—+d linear equations

e m; unknowns (wj1,w;2,...,Wjm,)



+ +
To solve the linear system, we need :
e at least v — u 4 d data points (m; > v — u + d)

e the Schoenberg-Whitney nesting conditions

If we have more than v — u+4d data points, we can use

the least squares minimum norm solution.



5. A Cubic Quasi-Interpolant

Suppose we have m > 7 data points (z;,y;)7, sampled
from a function f, where m is assumed to be odd and
x = {z;}]L, are increasing sequence. From x we form

the knot vector
n+4

T = (Tj)j—l = (x17x1)w17x17w47x67 L ,wm—3awmaxmawmyxm),

where n = (m + 3)/2.

We shall design a cubic quasi-interpolant that to each

Ajf depend on (at most) 5 data points in [1j41, 7j4+3].



Explicit expressions for w;;, 7 =3,...,n — 2

Coefficient matrix :

( Bj_23(zj1)

Bj_13(zj1)
Bjs(zj1)

Bjt1,3(j1)

Bj_23(z;j2)
Bj_1,3(z;2)
Bj3(j2)
Bjy13(z2)

Bjt23(z52)

Bj_23(z;3)
Bj_13(z;3)
Bj3(j3)
Bjy13(z3)

Bjt23(253)

Bj_23(zj4)
Bj_1,3(z54)
Bj3(zja)
Bjy1,3(xj4)

Bjt23(zj4)

Bj-23(zj5)
Bj-1,3(zjs)
Bj3(j5)

Bji1,3(;5)

Bjt23(zj5) )

( (¢j + 02 + 6;0;.2)0;2 \
—(¢j + 02+ ¢0;2)(1 +6;1)%0;2

\ Bjt2,3(j,1)

Solution of linear system :

1
w = — )
T 3mii6j16;2 g
—(L+ 01 + 697051 (1 +6;2)°
\ (14 0;1 + ¢)$70;167,

where n;=¢;+ 602+ ¢i0i2 + (1 + 051 + ¢)8i2, v = (¢ + 0j2 + $;0;2)(3(1 + 01 +

¢;) + 07005102 + ¢;(1 + 01 + ¢;)(3(d; + 02 + ¢i6,2)02 + ¢;)0;1.

Tj2 — Tjl 9. _ Tja—Ti3
- V2= —77"—"HPj —

Zj3 — Zj2 Zj5 — Zja

Ti+3 — Tj+2

Tj+2 — Tj+1



Explicit expressions for w;;, 7 =2,n—1

(Boundary case)

Coefficient matrix :

Bi3(z1) Biz(zz2) Bisz(zs) Biz(za)
) Bos(z1)  B23(xz2) Bos(r3) B23z(za)
2 =

Bss(z1) Bzz(xz2) Bss(rs) Bzz(za)

Bsasz(z1) Basz(zz2) Baz(zs) Bagz(za)

Solution of linear system :

—(1 42621+ 622+ $2)(1 4 02)

o 1 (14 621)2(1 + 62 + $2)?
EEECERI G —02 (14 022)(1 + 02 + ¢2)?
(14 62,1)%02263
where
Oor = b = T e =




+ +
Theorem 1 (A Cubic Quasi-interpolant)

Suppose that f is a function in C%[z1,zm]. There
exists a constant K > 0O, independent of f, such that
the error Psf — f is bounded by

||P3f - f||oo,[:v1,:vm] < K02¢h4||D4f||oo,[x1,xm]7

where
— -1 _Tj2 — Tj1
9 - max {0.]7179],1}’9171 - I
1<j<n Xj3 — 52
— -1 __ Tj43 — Tj42
gb_ max{¢j7¢j }7¢j — 3
tsisn Tj+2 = Tj+1
h= maxXx x;,411 — x;
1<jem—1 ST TP
and
K = 356.



A Cubic Quasi-Interpolant

e |local property
e the same order as the best spline approximation

e Ccan be computed directly without solving systems
of equations

This work is in collaboration with Tom Lyche and Knut

Mgrken (Oslo University, Norway).



