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Abstract

We use the matrices of transformations between Chebyshev and Bernstein basis and the matrices of degree elevation
and reduction of Chebyshev polynomials to present a simple and efficient method for r times degree elevation and optimal
r times degree reduction of Bézier curves with respect to the weighted L2-norm for the interval [0,1], using the weight func-
tion wðxÞ ¼ 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4x� 4x2
p

. The error of the degree reduction scheme is given, and the degree reduction with continuity con-
ditions is also considered.
� 2006 Elsevier Inc. All rights reserved.
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1. Introduction

In CAGD there are a variety of basis form involving the most used basis of monomials, Bernstein polyno-
mials, and B-spline basis functions. Usually, we need to work with data and basis created by other CAD
systems. And thus a corresponding operation must be done on basis. This operation may include degree rais-
ing, degree reduction, or basis transformation between different kinds of basis. Conversion of basis, which is
not always exact, is sometimes needed to convert data to be handled on our own system. Transformation of
basis is exact for polynomials of the same degree between the monomials, Bernstein and B-spline basis func-
tions. It is important to do these operations in an efficient and easy way [4,7,9].

The Bernstein basis have very important properties like the recursive relation, the symmetric properties,
and making partition of unity. These properties offer valuable insight into its geometrical behavior, and
has won widespread acceptance as the basis for Bézier curves and surfaces in CAGD [3]. But Bernstein poly-
nomials are not orthogonal. On the other hand, the use of orthogonal basis such as Chebyshev polynomial
permits finding the polynomial of best approximation.
0096-3003/$ - see front matter � 2006 Elsevier Inc. All rights reserved.
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The weight functions are used quite naturally in many practical problems of approximation theory and are
connected with the theory of special functions. We may introduce a weight function to get better approxima-
tion to one part of the curve than another. The Chebyshev and Legendre polynomials are used in many degree
reduction schemes [11,1,2]. So, we need to transform between these basis forms. Also the basis transforma-
tion is important and has been studied in many ways. Rababah [9] found the explicit form for the matrix
of Chebyshev–Bernstein basis transformation. Other related results are given in [5,8].

In this paper, we use the matrices of transformations between Chebyshev and Bernstein basis to present
a simple and efficient method for optimal r times degree reduction of Bézier curves with respect to the
Chebyshev weighted L2-norm. Furthermore, we consider r times degree reduction of Bézier curves with con-
tinuity conditions at the end points, and find the error.
2. Chebyshev and Bernstein polynomials

The Bézier representation of a parametric polynomial curve Pn(x) of degree n is expressed using the Bern-
stein polynomials as basis in the form:
P nðxÞ ¼
Xn

i¼0

ciBn
i ðxÞ; 0 6 x 6 1;
where the fcign
i¼0 is the set of (n + 1) Bézier points, and
Bn
i ðxÞ ¼

n

i

� �
ð1� xÞn�ixi; i ¼ 0; 1; . . . ; n
are the Bernstein polynomials of degree n.
The area under a Bernstein polynomial Bn

kðxÞ; k ¼ 0; 1; . . . ; n of degree n is given by
Z 1

0

Bn
kðxÞdx ¼ 1

nþ 1
. ð1Þ
The product of Bernstein polynomials of degree n and m is also a Bernstein polynomial of degree n + m and
given by
Bn
i ðxÞBm

j ðxÞ ¼

n

i

 !
m

j

 !

nþ m

iþ j

 ! Bnþm
iþj ðxÞ. ð2Þ
For more on the Bernstein polynomials and Bézier curves, see [3].
The Chebyshev polynomials are orthonormal on the interval [0,1] with respect to the weight function

wðxÞ ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4x� 4x2
p

, that is
Z 1

0

T jðxÞT kðxÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4x� 4x2
p dx ¼

1; if j ¼ k;

0; if j 6¼ k.

�
ð3Þ
Because of symmetry properties, the Chebyshev polynomials are usually defined on the interval [�1,+1]. The
Bernstein polynomials are traditionally defined on the interval [0, 1]. However, for our purposes in this article,
we use the interval [0,1] for both polynomials. The Chebyshev polynomials Tn(x) on x 2 [0,1] have the follow-
ing Rodrigues type formula
T nðxÞ ¼
2ffiffiffi
p
p ð�1Þn2n

ð2n� 1Þ!!
ffiffiffiffiffiffiffiffiffiffiffiffi
x� x2
p dn

dxn
ðx� x2Þn�

1
2; n ¼ 1; 2; . . . ;
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where (2n � 1)!! = (2n � 1)(2n � 3)(2n � 5) � � � 1. The first few terms are given by
T 0ðxÞ ¼
ffiffiffi
2
pffiffiffi

p
p ;

T 1ðxÞ ¼
2ffiffiffi
p
p ð2x� 1Þ;

T 2ðxÞ ¼
2ffiffiffi
p
p ð8x2 � 8xþ 1Þ;

T 3ðxÞ ¼
2ffiffiffi
p
p ð32x3 � 48x2 þ 18x� 1Þ.
For more on the Chebyshev polynomials, see [10].
3. Basis transformation

We consider a polynomial Pn(x) of degree n, expressed in terms of the Bernstein and the Chebyshev
polynomials:
P nðxÞ ¼
Xn

j¼0

cjBn
j ðxÞ ¼

Xn

k¼0

tkT kðxÞ.
We consider the linear transformation of the Chebyshev coefficients t0, t1, . . . , tn into the Bernstein coefficients
c0,c1, . . . ,cn as follows:
cj ¼
Xn

k¼0

Mnðj; kÞtk; j ¼ 0; 1; . . . ; n.
The transformation above can be expressed in the following matrix form:
c ¼ Mnt;
where c = [c0,c1, . . . ,cn]t and t = [t0, t1, . . . , tn]t.
Then the elements of the matrix Mn(j,k), 0 6 j,k 6 n are given in the following formula, see [9]:
Mnðj; kÞ ¼
ð2�

ffiffiffi
2
p
Þdk þ

ffiffiffi
2
p

ffiffiffi
p
p 1

n

j

� � Xminðj;kÞ

i¼maxð0;jþk�nÞ
ð�1Þkþi 2k

2i

� �
n� k

j� i

� �
; ð4Þ
where dk = 0, if k = 0, and dk = 1, otherwise.
The elements of the Bernstein to Chebyshev transformation matrix M�1

n ðj; kÞ; 0 6 j; k 6 n are given by, see
[9]
M�1
n ðj; kÞ ¼

dj þ 1

4nþj

n

k

� �Xj

i¼0

ð�1Þjþi

2j

2i

� �
2k þ 2i

k þ i

� �
2n� 2k þ 2j� 2i

n� k þ j� i

� �
nþ j

k þ i

� � . ð5Þ
Example 1. The Chebyshev–Bernstein transformation matrices Mn and M�1
n for n = 1, 2, 3 are as follows:
M1 ¼
ffiffiffi
2
p
ffiffiffi
p
p 1 �

ffiffiffi
2
p

1
ffiffiffi
2
p

" #
; M�1

1 ¼
ffiffiffi
p
pffiffiffi

2
p

1
2

1
2

�
ffiffi
2
p

4

ffiffi
2
p

4

" #
;
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M2 ¼
ffiffiffi
2
p
ffiffiffi
p
p

1 �
ffiffiffi
2
p ffiffiffi

2
p

1 0 �3
ffiffiffi
2
p

1
ffiffiffi
2
p ffiffiffi

2
p

2
664

3
775; M�1

2 ¼
ffiffiffi
p
pffiffiffi

2
p

3
8

1
4

3
8

�
ffiffi
2
p

4
0

ffiffi
2
p

4ffiffi
2
p

16
�
ffiffi
2
p

8

ffiffi
2
p

16

2
6664

3
7775;

M3 ¼
ffiffiffi
2
pffiffiffi

p
p

1 �
ffiffiffi
2
p ffiffiffi

2
p

�
ffiffiffi
2
p

1 �
ffiffi
2
p

3
� 5

ffiffi
2
p

3
5
ffiffiffi
2
p

1
ffiffi
2
p

3
� 5

ffiffi
2
p

3
�5

ffiffiffi
2
p

1
ffiffiffi
2
p ffiffiffi

2
p ffiffiffi

2
p

2
6666664

3
7777775
; M�1

3 ¼
ffiffiffi
p
pffiffiffi

2
p

5
16

3
16

3
16

5
16

� 15
ffiffi
2
p

64
� 3

ffiffi
2
p

64
3
ffiffi
2
p

64
15
ffiffi
2
p

64

3
ffiffi
2
p

32
� 3

ffiffi
2
p

32
� 3

ffiffi
2
p

32
3
ffiffi
2
p

32

�
ffiffi
2
p

64
3
ffiffi
2
p

64
� 3

ffiffi
2
p

64

ffiffi
2
p

64

2
6666664

3
7777775

.

4. Weighted L2-norm

The weighted L2-norm of the Bézier curve Pn in the Bernstein basis form is given by
kP nk2
w ¼

Z 1

0

Pn
i¼0ciBn

i ðxÞ
�� ��2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4x� 4x2
p dx. ð6Þ
Simplifying this using (1) and (2) gives
kP nk2
w ¼ ctQnc; ð7Þ
where
Qnði; jÞ ¼
Cð2n� i� jþ 1

2
ÞCðiþ jþ 1

2
Þ

2Cð2nþ 1Þ
n

i

� �
n

j

� �
; i; j ¼ 0; 1; . . . ; n ð8Þ
are the elements of the Gram matrix Qn of the Bernstein basis. The matrix Qn is a real symmetric matrix, as a
consequence of the symmetry of the combinatorial function. The matrix Qn is also a positive definite matrix, as
a consequence of the positivity of the left-hand side in the definition. Thus Qn is a real symmetric positive def-
inite matrix.

We give some examples of the Gram matrix Qn.

Example 2. The Gram matrices Qn for n = 1, 2, 3 are
Q1 ¼
p
16

3 1

1 3

" #
; Q2 ¼

p
256

35 10 3

10 12 10

3 10 35

2
64

3
75; Q3 ¼

p
2048

231 63 21 5

63 63 45 21

21 45 63 63

5 21 63 231

2
66664

3
77775.
Let Dn be the similar matrix of the Gram matrix Qn with Mn. Then
Dn ¼ M�1
n QnMn. ð9Þ
We give some examples of Dn.

Example 3. The elements of Dn, n = 1, 2, 3 are given by
D1 ¼
p
8

2 0

0 1

" #
; D2 ¼

p
128

22 0
ffiffiffi
2
p

0 16 0ffiffiffi
2
p

0 3

2
664

3
775; D3 ¼

p
1024

136 0 12
ffiffiffi
2
p

0

0 117 0 3

12
ffiffiffi
2
p

0 36 0

0 3 0 5

2
66664

3
77775.
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We use the orthonormality property (3) of the Chebyshev polynomials to get the weighted L2-norm of the
polynomial Pn in the Chebyshev basis form:
kP nk2
w ¼

Z 1

0

Pn
i¼0tiT iðxÞ

�� ��2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4x� 4x2
p dx ¼

X
i;j

titj

Z 1

0

T iðxÞT jðxÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4x� 4x2
p dx ¼ ttt. ð10Þ
From the similar matrix Dn in (9), the relationship among the transformation matrix M�1
n from Bernstein to

Chebyshev basis, Mn and Dn is given by
M�1
n ¼ DnM t

n. ð11Þ
5. Degree elevation

The degree elevation problem is concerned with writing a given Bézier curve in basis of degree n into basis
of degree n + 1 without changing the curve. The new vertices cð1Þi of the new polygon are calculated from the
following formula, see [3]:
cð1Þi ¼
i

nþ 1
ci�1 þ 1� i

nþ 1

� �
ci; i ¼ 0; 1; . . . ; nþ 1. ð12Þ
Rewriting the formula (12) in the matrix form c(1) = Tnc, where c = (c0,c1, . . . ,cn)t, cð1Þ ¼ ðcð1Þ0 ; cð1Þ1 ; . . . ; cð1Þnþ1Þ
t,

and the (n + 2) · (n + 1) matrix Tn is given by
T n ¼
1

nþ 1

nþ 1 0 0 . . . 0 0 0

1 n 0 . . . 0 0 0

0 2 n� 1 . . . 0 0 0

..

. ..
. ..

. . .
. ..

. ..
. ..

.

0 0 0 . . . n� 1 2 0

0 0 0 . . . 0 n 1

0 0 0 . . . 0 0 nþ 1

0
BBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCA

.

This process can be repeated r times to obtain a new sequence of control points c(r) for the degree elevated
curve, where c(r) = Tn,rc, and the (n + r + 1) · (n + 1) matrix Tn,r is given by
T n;r ¼ T nþr�1T nþr�2 . . . T nþ1T n
and has the elements
T n;rði; jÞ ¼

n

j

� �
r

i� j

� �
nþ r

i

� � ; i ¼ 0; 1; . . . ; nþ r and j ¼ 0; 1; . . . ; n.
Elevating the degree of the polynomial Pn with coefficients t = (t0, t1, . . . , tn)t gives the polynomial of degree
n + 1 with coefficients t(1) = (t0, t1, . . . , tn, 0)t.

Continuing the process of degree elevation r times to the polynomial Pn, we get the polynomial of degree
n + r with coefficients t(r) = (t0, t1, . . . , tn, 0, . . . , 0)t.

The r times degree elevation can be written in the matrix form: t(r) = In,rt, where the matrix In,r of dimension
(n + r + 1) · (n + 1) has the elements
In;rði; jÞ ¼
1; if i ¼ j;

0; if i 6¼ j.

�
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The r times degree elevation matrix Tn,r can be obtained by first transforming the Bernstein coefficients to the
Chebyshev coefficients using M�1

n , and then the r times degree elevation using In,r, and finally finding the Bern-
stein coefficients using Mn+r. This gives the following formula:
T n;r ¼ MnþrIn;rM�1
n . ð13Þ
6. Degree reduction

While the degree elevated curve can be obtained exactly, the degree reduced curve is obtained by a sense of
approximation. In this context, we use the best approximation in the sense of the weighted L2-norm.

Given the Bézier curve cn(x) of degree n,
cnðxÞ ¼
Xn

i¼0

ciBn
i ðxÞ;
which has the set of Bézier points fcign
i¼0. Find a Bézier curve bm(x) of degree m, where m < n,
bmðxÞ ¼
Xm

i¼0

biBm
i ðxÞ;
which has the set of Bézier points fbigm
i¼0, so that the weighted L2-norm between bm and cn is a minimum.

The weighted L2-norm of cn and bm is given by
kbm � cnk2
w ¼

Z 1

0

bmðxÞ � cnðxÞj j2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4x� 4x2
p dx.
Elevating the degree of bm from m to n using the matrix Tm,r, where r = n � m, gives
bðrÞ ¼ T m;rb.
This last step rewrites the curve bm of degree m as a curve of degree n
bmðxÞ ¼ bðrÞðxÞ ¼
Xn

i¼0

bðrÞi Bn
i ðxÞ;
and hence, the weighted L2-norm is given by
kbm � cnk2
w ¼ kbðrÞ � cnk2

w ¼
Z 1

0

Pn
i¼0ðb

ðrÞ
i � ciÞBn

i ðxÞ
��� ���2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4x� 4x2
p dx.
Invoking (8) into the last equation gives the weighted L2-norm between the Bézier curves bm and cn in the fol-
lowing formula:
kbm � cnk2
w ¼ kbðrÞ � cnk2

w ¼ AtQnA; ð14Þ

where A = c � Tm,rb, b = (b0,b1, . . . ,bm)t and c = (c0,c1, . . . ,cn)t.

Substituting A = c � Tm,rb in kbm � cnk2
w and doing some algebraic manipulations gives:
kbm � cnk2
w ¼ ctQnc� 2btT t

m;rQncþ btT t
m;rQnT m;rb. ð15Þ
The error, defined above, is a function of the elements of the vector b. To find the minimum, we use the
method of least squares approximation to find the vector b̂ that minimizes the last formula. We insist that
the first partial derivatives o(AtQnA)/ob are equal zero. This process leads to the normal equations:
T t
m;rQnT m;rb̂ ¼ T t

m;rQnc.
Since T t
m;rQnT m;r ¼ Qm, and the latter matrix is positive definite. Thus T t

m;rQnT m;r is invertible. Hence, the
normal equations are uniquely solvable and have the solution:
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b̂ ¼ Q�1
m T t

m;rQnc. ð16Þ
The Bézier curve with Bézier points given in (16) is the best approximation curve in the least-squares sense
with respect to the weighted L2-norm. A similar solution using the Legendre–Bernstein basis transformation
is also given in [6].

We consider the polynomial Pn in the Chebyshev basis form with coefficients t = (t0,t1, . . . , tn)t, then the
degree reduction with respect to the weighted L2-norm is reduced to the polynomial of degree n � 1 with coef-
ficients t(�1) = (t0, t1, . . . , tn�1)t.

Applying the process of degree reduction r times to the polynomial Pn with respect to the weighted L2-norm
we get the polynomial of degree n � r with coefficients t(�r) = (t0, t1, . . . , tn�r)

t.
This process can be written in the following matrix form:
tð�rÞ ¼ In;�rt;
where the (n � r + 1) · (n + 1) matrix In,�r is given by
In;�r ¼

1 0 . . . 0 0 0 . . . 0

0 1 . . . 0 0 0 . . . 0

..

. ..
. . .

. ..
. ..

. ..
. ..

. ..
.

0 0 . . . 1 0 0 . . . 0

0 0 . . . 0 1 0 . . . 0

0
BBBBBBBB@

1
CCCCCCCCA

. ð17Þ
The r times degree reduction matrix Rm,r is obtained by first transforming the Bernstein coefficients to the
Chebyshev coefficients by M�1

n , and then the r times degree reduction by In,�r, and finally converting to the
Bernstein coefficients by Mm. This is summarized in the following theorem.

Theorem 1. The r times degree reduction matrix Pm,r can be calculated using the matrices M�1
n , In,�r and Mm as

follows
Rm;r ¼ Q�1
m T t

m;rQn ¼ MmIn;�rM�1
n .
However, for the error �w of this r times degree reduction with respect to the weighted L2-norm is given in
the following theorem.

Theorem 2. The error of the solution b̂ of the r-times degree reduction with respect to the weighted L2-norm is

given by
�2
w ¼ ctEm;rc;
where
Em;r ¼ Qn I � T m;r T t
m;rQnT m;r

� ��1

T t
m;rQn

	 

.

Example 4. The r times degree reduction matrix Pm,r and the error matrix Em,r for m = 1, 2, 3 and r = 1 are
R1;1 ¼
7
8

1
4
� 1

8

� 1
8

1
4

7
8

" #
; E1;1 ¼

p
64

1
4
� 1

2
1
4

� 1
2

1 � 1
2

1
4
� 1

2
1
4

2
64

3
75.

R2;1 ¼

31
32

3
32

� 3
32

1
32

� 1
4

3
4

3
4
� 1

4
1
32
� 3

32
3

32
31
32

2
64

3
75; E2;1 ¼

5p
4096

1
20

� 3
20

3
20

� 1
20

� 3
20

9
20

� 9
20

3
20

3
20

� 9
20

9
20

� 3
20

� 1
20

3
20

� 3
20

1
20

2
6664

3
7775.
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R3;1 ¼

127
128

1
32

� 3
64

1
32

� 1
128

� 33
128

33
32

29
64

� 29
96

29
384

29
384

� 29
96

29
64

33
32

� 33
128

� 1
128

1
32

� 3
64

1
32

127
128

2
666664

3
777775; E3;1 ¼

35p
131; 072

1
70

� 2
35

3
35

� 2
35

1
70

� 2
35

8
35

� 12
35

8
35

� 2
35

3
35

� 12
35

18
35

� 12
35

3
35

� 2
35

8
35

� 12
35

8
35

� 2
35

1
70

� 2
35

3
35

� 2
35

1
70

2
666666664

3
777777775

.

7. Degree reduction with end points interpolation

The curves Cn(x) and bm(x) are continuous at the end points 0 and 1 if b0 = c0, and bm = cn. Thus, the
degree reduction with continuity at the end points is given in the following theorem.

Theorem 3. The weighted L2-norm between the continuous (at both end points) Bézier curves bm and cn is given
by
kbm � cnk2
w ¼ kbðrÞ � cnk2

w ¼ A�tQ�nA�;
where A� ¼ c� � T �m;rb, b = (b0,b1, . . . , bm)t and c* = (c1, . . . , cn�1)t. Q�n is obtained by eliminating the first and last

rows and columns from Qn. And T �m;r is obtained by eliminating the first and last rows from Tm,r.

Substituting for A* and using the least-squares approximation gives the normal equations
T ð�Þtm;r Q�nc� ¼ T ð�Þtm;r Q�nT ð�Þm;rb̂
� þ T ð�Þtm;r Q�nTþm;rb

þ;
where Tþm;r contains the first and the last columns of T �m;r. b+ contains the first and the last elements of b. T ð�Þm;r is
obtained by eliminating the first and the last rows and columns from Tm,r. This leads to the following theorem.

Theorem 4. The unique solution of r times degree reduction with continuity at the end points is given by
b̂� ¼ ðT ð�Þtm;r Q�nT ð�Þm;rÞ
�1½T ð�Þtm;r Q�nc� � T ð�Þtm;r Q�nTþm;rb

þ�. ð18Þ
On the other hand, since Tk(0) = (�1)k, Tk(1) = 1, the curves
Xm

k¼0

t�kT kðxÞ;
Xn

k¼0

tkT kðxÞ
are continuous at x = 0, 1 if
Xm

k¼0

t�kT kð0Þ ¼
Xn

k¼0

tkT kð0Þ; and
Xm

k¼0

t�kT kð1Þ ¼
Xn

k¼0

tkT kð1Þ;
i.e. if
Xm

k¼0

ð�1Þkt�k ¼
Xn

k¼0

ð�1Þktk; and
Xm

k¼0

t�k ¼
Xn

k¼0

tk.
Solving the first equation for t�0, and solving the second equation for t�1 gives
t�0 ¼ t0 þ
Xn

k¼mþ1

ð�1Þktk þ
Xm

k¼1

ð�1Þkðtk � t�kÞ;

t�1 ¼ t1 þ ðt0 � t�0Þ þ
Xn

k¼mþ1

tk þ
Xm

k¼2

ðtk � t�kÞ.
Applying the process of degree reduction r times, we get the following linear system for the Bézier points
tð�rÞ ¼ In;�rt;
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where the matrix In,�r is given in (17). Consequently, we get
t�0 ¼ t0 þ ðt�1 � t1Þ þ
Xn

k¼mþ1

ð�1Þktk;

t�1 ¼ t1 þ ðt0 � t�0Þ þ
Xn

k¼mþ1

tk.
Solving these equations, we get
t�0 ¼ t0 þ
1

2

Xn

k¼mþ1

ðð�1Þk þ 1Þtk;

t�1 ¼ t1 �
1

2

Xn

k¼mþ1

ðð�1Þk � 1Þtk.
This leads to the solution in the following theorem.

Theorem 5. The solution of the r times degree reduction with continuity conditions at the end points is
MmIn;�r M�1
n;�cþ t�þ

h i
; ð19Þ
where M�1
n;� is obtained by equating the elements of the first and second rows of M�1

n equal zero, and

t�þ ¼ ðt�0; t�1; 0; . . . ; 0Þ.

The solutions in (18) and (19) represent tow different approaches for the r times degree reduction with
continuity conditions at the end points.
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