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Abstract

In the implementation of subdivision scheme, three of the most important issues are smoothness, size of support, and
approximation order. Our objective is to introduce an improved ternary 4-point approximating subdivision scheme derived
from cubic polynomial interpolation, which has smaller support and higher smoothness, comparing to binary 4-point and
6-point schemes, ternary 3-point and 4-point schemes (see Table 2). The method is easily generalized to ternary (2n + 2)-
point approximating subdivision schemes. We choose a ternary scheme because a way to get smaller support is to raise
arity. And we use polynomial reproduction to get higher approximation order easily.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

A subdivision scheme is useful for generating smooth curves or surfaces as the limits of sequences of suc-
cessive refinements.

An n-ary linear subdivision scheme consists of linear combinations of control points in R* from level & to
generate level k+ 1, i.e., for all k and i, there exist sets of real number (called subdivision masks)
a* = {d"ieZ k=0,1,...} with Z the set of all integers such that

k1l _ ko ok
= E al;nij.
jez

In the relation, the quantity n(> 2) is termed the arity of the scheme. The constant indicates the number of
new points at level k£ + 1 inserted between two consecutive points from level k. In the case when n =2 and 3,
the subdivision schemes are called binary and ternary, respectively. For more details on general n-ary schemes,
we may refer to the thesis of Aspert [1]. Let a(a*) = {i € Z|a* # 0} be the support of the mask a*. When
a(at) C K for some compact set K, the subdivision scheme is said to have a finite support. If the mask a* does
not depend on k, i.e., a* = a, the scheme is called stationary. Otherwise, it is called non-stationary. Similarly, if
the mask is independent of i, the scheme is termed uniform.
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Starting with given control points F* = {F® = (i, /) € R? : i € Z}, the stationary ternary subdivision
scheme is a process which recursively defines a sequence of control points F*™!' = {FF*! = (1 1) ¢
R?:i € Z} by a finite linear combination of control points F* with mask a = {a, € R:i € Z};

FI =3 "ayF%, k=0,1,2,....
jez
which is formally denoted by F*"! = SF* = S*F°. A point of F**! is defined by a finite linear combination of
points in F* with three different rules. If a subdivision scheme retains the point of level k as a subset of point of
level £+ 1, it is called an interpolating scheme. Otherwise, it is termed approximating.
A ternary subdivision scheme is said to be uniformly convergent if for every initial data F* = {F? =
(i, f°) € R* : i € Z}, there is a continuous function f € C(R) such that

lim sup ¥ — /()] =0,
k=00 ez

and such that f#0 for some initial data. We denote the function f by S*F° or S*f° for the sequence
f°={f"},c,, and call it a limit function of the subdivision scheme S. For the initial data f° = {f?: f° =
0:0,1 € Z}, the limit function, denoted by ¢, is called the basic limit function. The scheme is said to be ¥
if the basic limit function ¢ is C”.

Three of the most important issues in the implementation of subdivision scheme are smoothness, size of
support, and approximation order. The support size of a scheme influences the locality, and the approxima-
tion order is related to how closely the original function is reconstructed if an initial data is sampled from an
underlying function. The approximation order is measured by the polynomial reproducing property and the
smoothness of a subdivision scheme. It is well-known that a higher approximation order does not guarantee a
higher regularity. For mathematical theory, approximation order is a more important property than the sup-
port size. But for Computer Aided Geometric Design (CAGD), the latter is the more important concept.
However, the creation of highly smooth curves or surfaces via a subdivision scheme and the shortness of
the support size of its mask are two mutually conflicting requirements. That is, the increase of the smoothness
of a subdivision scheme results in that of the support size, which leads to an increase in computational effort.
Our objective is to find an improved scheme derived from cubic polynomial interpolation, which has smaller
support and a higher smoothness, comparing to binary 4-point and 6-point, ternary 3-point and 4-point
schemes (see Table 2). The three subdivision rules of the proposed ternary 4-point approximating subdivision
scheme are given by

55 385 77 35
et 1
H— P L F
3 1296 Ry 432 + 4327 11296 Fio
1 9 9 1
Fitl=——FF  + P+ —F ——FF
3i+1 16 + 16 +z 16 i+l 16 i+27
35 77 385 55
Fk-.f—l — Fk 7Fk 7Fk
3271296 432 432 11296 Fio
This ternary 4-point scheme generates C> curve and its approximation order is 4. And the support of the basic
limit function is [— % , %] The mask comes from the derive of cubic polynomial interpolation property: First,
interpolating the initial data (i + j, f; ;) J=-1,0,1,2, by a cubic polynomial and then evaluating it at
i+ 2’“ j=0,1,2, for the values f3, i = O 1,2. We choose a ternary scheme because a way to get a smaller

support 1s to raise arity. And we use polynomlal reproduction property to get higher approximation order.
The method is easily generalized to ternary (2n + 2)-point approximation subdivision schemes, using
Lagrange interpolation polynomials.

Table 1

Mask of the proposed ternary 4-point approximating scheme

i —6 -5 —4 -3 -2 -1 0 1 2 3 4 5

a; 0 35 1 55 77 9 385 385 9 77 55 _ L 35 0

129 16 1296 432 16 432 432 16 432 T 1296 16 1296
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Table 2

Comparison of the proposed scheme to binary 4-point and 6-point, and ternary 3-point and 4-point schemes

Scheme Type Approximation order Support (size) c"
Binary 4-point Interpolating 4 6 1
Binary 6-point Interpolating 6 10 2
Binary 4-point Approximating 4 7 2
Ternary 3-point Interpolating 2 4 1
Ternary 4-point Interpolating 3 5 2
Our scheme Approximating 4 5.5 2

2. Construction of scheme

Our primary concern in the work is to construct a uniform subdivision scheme with higher approximation
order and smaller support. To this end, first, we choose a ternary scheme instead of a binary scheme in order
to construct a scheme with smaller support size. Secondly, the approximation order can be guaranteed by the
polynomial reproducing property (see Theorem 4.2 below). To obtain a uniform subdivision scheme, we derive
the mask of this scheme by evaluation at 1/6,1/2 and 5/6 on local cubic interpolation.

In our argument, the Lagrange polynomials play a crucial role. Let {L:(x)}

.—_, be the fundamental
Lagrange polynomials to the node points {—1,0,1,2} given by

L) = DD gy G DE D=2
and
L = - DE=2) -y ek Do)

2 ’ 6

The Lagrange polynomials reproduce any cubic polynomial p; in the way that

py(x) = Y py(2)Li(). (1)

o=—1

Now we construct the desired ternary 4-point (approximating) subdivision scheme. We sample the data
(J,f3),j=1i—1,i,i+ 1,i+ 2 from an arbitrarily given cubic polynomial ps;

p3(j):fj7 ]:l_lvlvl+lvl+21

and request

.. o1 .5
f31ip3<l+6)7 -f|1+3ip3(l+2>, fé1+3ip3(l+6>.

Since our scheme is stationary, uniform and the space of polynomials up to a fixed degree are shift invariant, it
is sufficient to consider the case k =0 and i =0, that is, the cubic polynomial such that p,(j) = f; for
j=-—1,0,1,2. Using the Lagrange interpolation property, we have

p3(1/6) =Ly (1/6)/=1 + Lo(1/6)fo + Li(1/6) /i + L2(1/6) />,

p3(1/2) = L (1/2) <1 + Lo(1/2) fo + Li(1/2) /1 + La(1/2) 12,

p3(5/6) = L1(5/6)f-1 + Lo(5/6)fo + L1(5/6) /1 + L2(5/6) 2.

k+1
3itj

1 1 i+
xﬁfﬁﬁ:z(l—w>+wv J=012, (2)

For the initial values x° =i, i € Z, we can see that the values x4, given by
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are obtained recursively from the subdivision rule,

= Ly potri 1\, 3i+)
ZL< ){ <1_¥)+7}_Z<1_W>+W_Xﬁf

oa=—1
Now, as an affine combination of 4 points /|, /¥, /£ |, /% ,, we suppose the (k + 1)st level points f3l+1 to be
attached to the values xélﬂj instead of being attached to the points i’kﬁ{ .

Using the Lagrange polynomials, we propose a ternary 4-point approximating subdivision scheme as

+2j )
i = ZL( >+ j=0,1,2. (3)

o=-—1

Here, we present the desired ternary 4-point approximating subdivision scheme:

385 77 35
T S SR L b s _
B l296f +432f +432 ZH 12967 +%

1 1
ﬁi%ziﬁ ik—l+ fk+16 1+17E i]fk27
55

bl ko o k
32 1296f +432f 432 H'l 129672

To obtain the scheme, we borrowed the idea of the derive of the corner-cutting subdivision scheme. And as
preparing this work, we became aware that using the similar idea, Dyn et al. [4] obtained the binary 4-point
scheme reproducing all the cubic polynomials.

Now, we need to check if the proposed scheme reproduces all the cubic polynomials, indeed.

Lemma 2.1. The subdivision scheme reproduces all the cubic polynomials.

Proof. Let p; be a polynomials of degree <3. Assume that the data f; are sampled from p,(x*) for the given
values x} as in (2). Using the Lagrange interpolation property (1), we obtain

+2j +2j 1 1 i+o
= St S (e -5) )

o=-—1 o=—1

I N i 1142
:P3<Z(1_?>+3 +3k 3 >_p3(x]§;:»lj)7

which shows the lemma. O

With the same way, we can obtain the mask of a ternary (2n + 2)-point approx1mat10n schemes by local inter-
polating polynomial p,,., using Lagrange interpolation polynomials {Z;(x)};- kzn defined by

n+l

Lk(x):.H ;:j, k=-n,...,n+1, (4)
J#kj=—n
for which
Li(j) =0y, kyj=-—n,...,n+1, (5)
and
nt1
> PRI =p) € P ©)

Here, P,,. denotes the space of all polynomials of degree < 2n + 1 for a nonnegative integer n.

We can generalize the problem of finding a mask a = {4;} reproducing polynomials of degree <2n + 1, that
is, we can find a (2n + 2)-point ternary scheme reproducing all polynomials p of degree <2n + 1 by solving the
linear equations,
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1
Zagkp(k) =rlg) keZ,
k
1
Zal+3kp(k) =P(35) ke,
k
5
Zaz+3kp(k) =rlg) kel.
k

3. Analysis of the subdivision scheme

In this section, we analyze the smoothness of the proposed 4-point scheme S with the mask a given in Table
1. As mentioned in the introduction, our refinement rule is defined for an initial data f* = {f°:i € Z} by

k X!
(f) :zaw( f> ez (=) o)
Ji ez v

and the control points /¥ are attached to the parameter values x* ((a) of Fig. 1), not to the values 3%(, as an usual
rule ((a) of Fig. 1).

In general schemes, unlike our scheme, the control points f* = (S*£0) ; are attached to the parameter values
3%. And the analysis of convergence and smoothness for a subdivision scheme has been developed in this set-
ting. However, the following theorem shows that the convergence of any of the rules induces that of the other.

Theorem 3.1. Let S be the proposed ternary 4-point subdivision scheme with the mask a = {a; : i € Z} given in
Table 1. For each k = 0, let {(S*8), : i € Z} be the kth level points given by

(8%6), = ai3(8'9),
jez
Sor the initial control points 6 = {0, : i € Z} and let {x* : i € Z} be the parameter values given by
_ 1 1 i . .
= Za,—,yxf ! =7 (1 —?> +?7 i€Z (X =1).

jez

a b

3Z stencil 3Z stencil

|
™)
|
—
(=}
=
N
|
)
|
-
(=)
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N

_2 -1 o 6 1 2 —2 -1 0 1 2
37 + 1 stencil 37 + 1 stencil
—2 -1 0 1 2 —2 -1 0 1 2

-2 -1 0 21 2 -2 -1 o 3 1 2
37 + 2 stencil 37 + 2 stencil
—2 -1 0 1 2 —2 -1 0 1 2

-
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|
(V]
|
-
o
wi
-
M)

Fig. 1. (a) and (b) indicate the stencils of our scheme and a general ternary scheme.
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Then the two statements are equivalent:

(1) There is a continuous function ¢ on R such that
lim sup|(5'9), — $(x})| = 0; (8)
k=00 ez

(i1) There is a continuous function  on R such that

(S*9), — lﬁ(%) ‘ =0.

In this case, Yy = ¢(- +1) and ¢ has a compact support set.

lim sup

k—oo ez

Proof. The equivalence is straightforward and we show only the implement of (i) to (ii). We assume that the
subdivision scheme S converges uniformly. Then there is a continuous function ¢ satisfying (8). From Theo-
rem 4.3 in Section 4, ¢ has a compact support. Let = ¢(- + 41‘1) Then for an arbitrarily given € > 0, the
assumption implies the existence of an integer N, > 0 such that for any £ > N,

i 1
§K0), — (= ——]| <e
s -v(5-55)]
On the other hand, we can see that s is uniformly continuous on R for y has a compact support. Thus, there is
an integer Ny > 0 such that for any k > N,

) - w(x - ﬁ)

Combining these two estimates, we have that for any k > N := max(N,Ny),

i
(8%8), — w(?) ‘ < 2e,
which shows the statement (ii). The rest argument follows directly from the uniqueness of the limit of a con-
vergent sequence. [

sup
ieZ

sup <e

xeR

sup
ieZ

Due to Theorem 3.1, we may use well-known sufficient conditions to analyze the convergence and smooth-
ness of our scheme. For each scheme S with a mask a, we define the Laurent polynomial as the symbol of a
mask a

a(z) == Z az'.

icZ
From the refinement rule of S (3 refinement rules),

fit = Zai—}jfjk» i€Z,

jez

we may regard S as a operator of £*(Z) into itself and we have an estimate

1 . < (Z laf3j|> max /£
J
Then we can calculate the norm of S:
ISl = max {Z jasils D laveyl, > |}
J J J

We define the generating functions of control points /* as

F*(2) = Zf[kzi.
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Since the coefficient of z' in F**'(z) is ! and the coefficient of z' in a(z)F*(z%) is 3 a;_f, we have
F*l(z) = a(z)FH(2).

Let al’)(z) = H ( ¥y = .d"'Z. From the relation F**(z) = al“/(z)F*(z*"), we have the 3 refinement rules
and the norm of St

et L
F Zat 3Lj /’
and the norm of S is given by

|S%]|.. = max {Z |al[.Lj3,‘j|,i: 0,1,...,3" - 1}.
J

From Theorem 3.1, we have the following theorems which play essential roles to analyze the convergence
and smoothness of a subdivision scheme.

Theorem 3.2. Let S be a convergent ternary subdivision scheme, with a mask a. Then
Za3j2203/+1 :Za3j+2: 1. (9)
J J J

Proof. Combining Theorem 1 in [7] and Theorem 3.1, we have the theorem. [J

Applying the polynomial reproduction property (1) to the subdivision rule (3), the mask of the proposed
scheme satisfies the condition (9). The symbol of a convergent ternary subdivision scheme satisfies,

a(e®™3) = a(e*™*) =0 and a(1) = 3,

and there exists the Laurent polynomial a;(z) such that
3 2
: a(z).

“C) =0 ra
Then the subdivision S| with symbol a,(z) is related to S with symbol a(z) by the following theorem.

Theorem 3.3 [6]. Let S denote a ternary subdivision scheme with symbol a(z) satisfying (9). Then there exists a
subdivision scheme S| with the property

dft = Sdf* !,
where f* = S*f0 = {f¥ i € Z} and df* = {(df*), = 3" —fH:iez}.
Using the subdivision scheme S;, we can check the convergence of S as follows:

Theorem 3.4. S is a uniformly convergent ternary subdivision scheme if and only zf S| converges uniformly to the
zero function for all initial data f°.

k
lim (%Sl) f=o. (10)

Proof. It follows from Theorem 4.2 in [6] and Theorem 3.1. [

A scheme S satisfying (10) for all initial data f° is termed contractive. Theorem 3.4 indicates that checking
of the convergence of S is equivalent to checking whether S; is contractive, which is equivalent to checking
whether H S1 H < 1, for some integer L > 0. After the convergence of S is determined, we need to check
the smoothness of the limit functions generated by S. An condition of C” continuity is expressed in the fol-
lowing theorem.



1570 K. P. Ko et al. | Applied Mathematics and Computation 190 (2007) 15631573

Theorem 3.5. Let us consider a scheme S with Laurent polynomial a(z). If there exists a polynomial b(z) such

that
l+z+22\"
- ()

and such that the associated scheme %S, is contractive, then the limit function is C" for any initial data.

Proof. It follows from Theorem 4.4 in [6] and Theorem 3.1. [

Now, we are ready to analyze the smoothness of the proposed scheme. For the given ternary mask:

1
A= J55¢ [-35,-81,—55,231,729,1155,1155,729,231, —55, —81, —33],
we have the mask of scheme S;:
3
— 7 [-35,-46,26,251,452,452,251,26, —46, —
a; 1296[ 35,-46,26,251,452,452,251,26,—46,—35],
where a,(z) = ffi? It is easy to verify that a(z) and a(z) satisfy the necessary condition (9) for the conver-

gence S and S,. Since
o d 524 T2
LM 1296° 1296 <

this scheme converges uniformly. We have the mask of S,

1
=S
[

9
8 = 1o [~35,—11,72,190,190,72, ~11, -35],
and
lS = max J08 432 <l
372 1296 1296 '

Hence this scheme has C'(R). We can verify that a,(z) satisfies the necessary condition for C*(R). And the
mask of S5 is

27
B = 506 [—35,24,83,83,24, -35],
and we get
IS  max 1062 432 <1
373 T 129671296 <
Hence this scheme is C*(R). The mask of Sj is
81
a4 = W [—35, 59, 597 —35],
and we have
lS ~ max 1890 1593 o1
374 12961296 '

Actually, there exists no integer L > 0 such that

(o

therefore this scheme can not generate C*(R) functions.

<1,

oo
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4. Approximation order and support

While the regularity of the limit function for the subdivision scheme is important, another an important
issue of subdivision scheme is how to attain the original function as close as possible if a given initial data
/° is sampled from an underlying function.

Definition 4.1. Let us consider the initial grid X = 4Z and initial data £’ = g(ih) sampled a enough smooth
function g. Let us denote by f*° the limit function obtained through subdivision. The subdivision scheme has
approximation order p if

(g =/ <CH, xeR,
where C is a real constant and independent of /.

As seen in Theorem 4.3 below, the approximation order of a subdivision scheme can be obtained from its
precision set.

Theorem 4.2 [3]. An convergent subdivision scheme that reproduces polynomial P, has an approximation order of
n+ 1.

From Lemma 2.1 and Theorem 4.2, the proposed scheme has approximation order 4.
Next, we consider the support of the proposed scheme. This is the support of the basic limit function
¢ = S5 generated by the given control point f = ;¢ as shown in Fig. 2.

Theorem 4.3. Let S be the proposed ternary 4-point subdivision scheme with a mask a given in Table 1. Then we
have

Supp(¢) = supp(S*3) [ s “}

Rk
Proof. Choose [ = {f?: f? = 6,0,a € Z}, and let $*6 = ¢. From the subdivision rule

(8°0), =Y _ary(S19),,

jez

we have that supp(SJ) = supp(a) = [-6, 5] and for each k =2,3,...,

supp(S*6) = {i € Z : i — 3j € supp(a),j € supp(S* ')} = {i € Z : i € supp(a) + 3supp(S*'9)}.
Thus, supp(S*6) = 3kT‘lsupp(a). The values S*§ are attached to the parameter values

1 1 1 . 1 1 1-37* .
3 (1 —?) —l—?supp(S d) =1 (1 —?) + 5 supp(89).

Hence, the support of the limit function ¢ is

- 11 11
supp(¢) = supp(s™9) = |~ 4 .
which completes the proof. [
1
3 -2 -1 0 1 2 3

Fig. 2. The basic limit function of the proposed scheme.
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The support of the proposed subdivision scheme is smaller than the support [—3, 3] of the binary 4-point
DD subdivision scheme.
In Table 2, the mask of the classical binary 4-point [2] is given by

1
—[-1,0,9,16,9,0, -1].
16[ 2 Y R ] }

In his thesis, Weissman [8] generated the 6-point interpolating subdivision scheme of the form

k+1 k

28 T Jio
9 1 ’
i = (E+20)(ﬁ"+ﬂ;1) - (R+36> ) O, 4 ).

He proved that for 0 < 0 < 0.02, this scheme creates C limit functions. Dyn et al. [4] introduced the C* binary
4-point approximating scheme whose mask is given by

1
—[-5,— 105,1 -7,-5].
128[ 5,-7,35,105,105,35, -7, -5
And the ternary 3-point [5] and 4-point [6] schemes are related to tension parameters ¢ and u, respectively.
Here we choose the tension parameters to generate the highest smoothness (a = — % and p = ). In this case,

the masks of the ternary 3-point and 4-point schemes are given by

1
—[~1,0,4,12,15,12,4,0, —1],

15
and
1
3 [—4,-7,0,34,76,99,76,34,0, -7, —4],
respectively.

We illustrate the proposed scheme by applying to the control points forming the cross polygon in Fig. 3. In
the figure, the curve interpolating the control points is generated by the 4-point DD scheme and the other is
created by the proposed subdivision scheme.

Fig. 3. Comparison of the binary 4-point interpolating DD scheme and the proposed ternary 4-point approximating scheme.
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