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e Polynomial Bézier curve of degree n

mn
b"(t) = ) bpBi(®), 0<t<1,
k=0

where B}!(t) are Bernstein polynomials of degree n, and b (k =
0,---,n) are control points of b™(t).

e Degree reduction of polynomial Bézier curves is overdeter-
mined problem and it invokes approximation problem.
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e If the error is larger than prespecified tolerance, then subdivi-
sion schemes are needed.

e Often the best degree—reduced Bézier curves are not smooth
enough at the subdivision points.

e In case of CAD/CAM system, it is required that the curves
and surfaces are continuous of order o > 1.



e [ he constrained degree reduction of polynomial Bézier curves
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e For rational Bézier curve case, algorithms to approximate ra-
tional curves with polynomial curves are presented.
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e Rational Bézier curves are defined as the image of a polynomial
Bézier curve.

P(x,y,w)

Euclidean model of the projective plane.



e Now, we define a n—th degree two dimensional rational Bézier
curve as the image under W of a polynomial Bézier curve:

’wkI'an(t)
Zn o Wk Bn(t)

. 0<t<1,

where the rp = W(by) = (xp,yr). The wyg is weights of the
control points ry..

e \We obtain the polynomial case by setting all w,'s are same
values.



e A rational Bézier curve with positive weights may be reparametrized
so that the end weights are unity.

~ ct Wn,
t = and c= n—.
14+ (c— 1)t wQ

e Curves in this form are said to be in standard form. We may
assume that wg = wnp = 1.



e Also, we may perform degree elevation by degree elevating
the 3—dimensional polygon with control vertices [wyr; w]? and

projecting the resulting control vertices into the hyperplane w =
1.

1 —
p(D) = Wk k1 twp(d —op)ry o 0. n+1
w10 + wi(1 — ag)
where ap = 1/(n+ 1).

e [ he weights w,gl) of the new control vertices are given by

w]gl) = wp_10p +wi(l —a) for k=0,---,n+1
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e Rational degree elevation

Rational degree elevation from degree 4 to degree 5.
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e Degree reduction procedure for rational case

(a) convert the rational Bézier curve to polynomial Bézier curve
by using homogenous coordinates

(b) reduce the degree of polynomial Bézier curve
(c) determine weights of degree reduced curve

(d) convert the Bézier curve obtained through step (b) to ratio-
nal Bézier curve with weights in step (¢)
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e Rational Bézier curve r"™ and b"™ be a polynomial Bézier curve
such that r"* = W (b").
(1) = ( r—owrTEBE(t) XF—g ’wkkaZ’(t)>
k=0 wrBy (%) | o WrBE (1)

b™(t) = (Z wrrpBE (), > wrypBR(t), D ’kaZ(t)) :
k=0 k=0 k=0

b"(t) = (Z wirEBE (1), Z wiyE B (1), 1) .
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e \We can find a degree reduced curve

b 1) = (Z XBR(t), Y YiBE(®), 1)

of b™ by using previously developed method for polynomial Bézier
curves.
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e An example for degree reduction of polynomial Bézier curve by
using the least square method with endpoints interpolation.

Degree reduced curve b®" 1(diamond) of polynomial curve
b"(solid circles).

15



e Now, we have to determine the weights w; of the control
points (X1, Ys,1). And then the control points of degree reduced
rational Bézier curve r*— 1 are given as follows:

X Y
(:Ek'7gk):(—k7 —k) for ]‘C:O,,’I’L—l
WE Wi
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e T he degree elevation of a polynomial Bézier curve from n — 1
to n can be written in terms of the control points as

k n—k
Cl(cl) = Ck-1 +

c, for k=0,---,n.

This equation can be used to derive two recursive formulas for
- (1)
the generation of the ¢, from c;

(1)

nc — kel
k k=1 for k=0,1,---,n— 1.
n —_—

ol =

(1) II
C — — k)c
Cil_lznk (: )k for k=n,n-—-1,---,1.
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e We observe that the first equation tends to produce approxi-
mations near cél) and that the second equation behave decently

near cy(@l). We may take advantage of this observation by com-
bining both approximations. That is,

¢, = (1 —M)er + Ml for k=0,--- ,n—1

where the unknown factor A\, were introduced by Eck.
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e \We may determine the value of A\.'s as follows(Forrest):

_ 1 fork<3,
M= 1 for k> 2.

Now, applying this method to determine the weights wy,

- _{wé fork=0,1,---,
PV fork=n—-1,n-2,--

If n is odd, the weight @, = 3(wl + wi!) with k = (n — 1)/2.
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e An example of this method

Rational degree reduction from degree 4 to degree 3
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e We may set A\, = k/n(Farin).

T his setting for the )\, gives us the form of the weights as follows:

k
1w]£1 for k=0, --,n—1.

_ k

n_

Rational degree reduction
from degree 4 to degree 3
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e In polynomial degree reduction, the constrained least square
method gives us better results(Ahn et al).

Rational degree reduction from degree 4 to degree 3 using the
least square method.
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e For better approximation, we may subdivide the original ratio-
nal Bézier curve.

Rational degree reduction with subdivision.
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